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D. Badia

Dynamic Performance of Isolated Power Converters

Abstract
Isolated power converters are primarily used in applications where electrical galvanic isolation
is required for safety purposes. They are also used in applications, which require various output
voltages level. They have been studied from many different aspects, but in this thesis the
fundamental circuits of the flyback, the forward and the half-bridge converters are studied and
compared extensively, with regard to their dynamic performance.

This analysis will lead us to a better understanding of their behaviour, that is a crucial point in
the selection of each topology for a particular application. Moreover, the dynamic response of
each converter is different; this aspect is investigated as well.
An analysis of the behaviour and the dynamic response of each topology operating in both, the
continuous and the discontinuous conduction mode of operation is presented. This is done by
modelling the primary parasitic elements of the converter components to obtain as faithful as
possible responses that correspond with the real case.
The steady-state dc voltage conversion ration, and the small-signal ac control to output and the
small-signal ac line to output transfer functions Bode diagrams response of the three converters,
m both modes of conduction, are presented. Our analysis utilises Maple and Matlab, to obtain
the state descriptions of the converters and then calculates the average plant response in the two
different modes of operation.

A unique table is presented which contrasts and compares the small-signal ac transfer functions
of each of the topologies in ideal and non-ideal situations, in a coherent and user friendly
manner.
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Introduction

Overview

Chapter One
1. Introduction
1.1 Overview of Research Work
This thesis presents a steady-state dc and a small-signal ac analysis of the three classic isolated dc to dc
power converters namely, the flyback, the forward and the half-bridge converters.

The flyback converter is modelled in the continuous conduction mode of operation using two techniques,
the state-space averaging approach and the averaging approach, both of these technique use the same
equivalent circuit during an identical number of time intervals. The results reached by the two different
methods of modelling are compared in detail. A new approach of the classical state-space averaging
technique previously undertaken for the flyback converter in the continuous conduction mode is presented
for the discontinuous conduction mode. The models analysed during the two modes of operation include
the transformer magnetising inductance and the equivalent series resistance of the output capacitor.

In the continuous conduction mode of operation, the forward converter is first modelled using the statespace averaging technique, by the use of this approach a third time interval is added to the classic method
to describe the converter operation in more detail. The transformer magnetising inductance, the losses
associated with it, as well as the parasitic elements on the output inductor and capacitor are modelled.
Due to the addition of new parasitic elements, matrices with a range of three are applied to obtain the
small-signal ac transfer functions. The solutions acquired are compared with the results obtained by the
use of the averaging technique, which does not model the transformer primary side elements and
describes the circuit operation along two time intervals. In the discontinuous conduction mode, the
averaged switch model is used to derive the equivalent circuit considering parasitic elements in the output
capacitor.

The half-bridge converter is analysed in both modes of conduction using the same techniques as were
utilised in the forward converter analysis. The circuit is modelled during half of the duration of the period,
due to the symmetrical behaviour of the circuit, and the results obtained are extended to the whole
converter. The state-space averaging model operating in the continuous conduction mode takes into
account the primary side elements, namely the magnetising inductance and the parasitic losses associated
with it, as well as the losses in the inductor and the equivalent series resistance of the capacitor; as a result
mati'ices with a range of three are obtained. The transformer primary side elements are not modelled by
the use of the averaging technique, and the results given by both techniques are compared extensively.
The averaged switch model is used to derive the equivalent circuit in the discontinuous conduction mode,
considering parasitic elements in the output capacitor.

1
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1.2 Structure of the Thesis
Chapter one presents a general introduction to power electronics with special emphasis on power supplies
and the core subject of study in this thesis, dc to dc power converters. Subsequently, the different methods
for mathematical modelling of dc to dc power converters are briefly described.

Chapter two presents the analysis of the flyback converter and involves the following: steady-state dc
point of operation in the continuous and the discontinuous conduction mode, the small-signal ac analysis
in the continuous conduction mode by the use of the state-space averaging and the averaging modelling
techniques. Tire small-signal ac analysis in the discontinuous conduction mode is presented utilising the
state-space averaging modelling approach.

In the third chapter, the forward converter is analysed. The first section describes the steady-state dc point
of operation during the different time interval in the continuous and the discontinuous conduction mode.
In the following section, the small-signal ac analysis of the forward converter in the continuous
conduction mode is presented using the state-space averaging and the averaging modelling techniques. To
conclude this chapter, the analysis of the forward converter in the discontinuous conduction mode using
the averaged switch model technique is shown.

The fourth chapter describes the half-bridge converter operating in the continuous and the discontinuous
conduction mode. The steady-state dc operating point and the small-signal ac analysis in both modes of
conduction are obtained using the same methods of mathematical modelling as in the forward converter.
The final chapter details the major conclusion arrived at during the development of this thesis and the
possible areas of future research.
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1.3 General Overview of Power Electronics
The main task of a power electronics system is to process and control the flow of electric power,
supplying the optimum voltages and currents to the different loads. In Fig. l.I, a schematic diagram of a
power electronic system is shown.

v,„(0

Fig. 1.1

Block diagram of a power electronic system.

The power input of the power processor is normally coming from the electric main power, with a line
frequency of 50Hz, single phase or three phases. The power processor transforms the input energy into
the required output voltage and cuixent. A feedback loop is required to maintain the output magnitudes
within the required values, under any variations of the load or the input voltage. This feedback loop must
sense the output variables and compare them with a reference, and the error between the two is minimised
by the controller. Tlie power flow tlirough such systems may be reversible, thus interchanging the roles of
the input and the output.

A power processor usually consist of more that one power conversion stages, as shown in Fig. 1.2, where
the operation of these stages is decoupled by means of energy storage elements such as capacitors and
inductors or an isolation transformer.

Power processor

Fig. 1.2

Power processor block diagram.
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1.4 Classification of Power Processors and Converters
1.4.1 Power Processors
The power processor of Fig. 1.1 can be classified in terms of their input and output form or frequency.
Depending of the application, the output to the load can be supplied in one of the following forms

•

•

Dc output
•

Regulated magnitude

•

Adjustable magnitude

Ac output
•

Constant frequency, adjustable magnitude

•

Adjustable frequency and adjustable magnitude

The power flow direction is generally from the input to the output load, in some systems the direction of
the power flow is reversible.

1.4.2 Power Converters
A power converter is a module of a power processor; it is composed of semiconductor devices, controlled
by signal electronics and energy storage elements. Based on the frequency on the two sides, converters
can be classified into the following categories

•

Ac input - dc output
Average power is transferred from an ac source to a dc load. The ac to ac power converter is
specifically classified as a rectifier.

•

Dc input - ac output
Average power flows from the dc side to an ac side. The dc to ac power converter is
specifically classified as an inverter.

•

Dc input - dc output
This type of power converter is required when a load needs a specified dc voltage or current,
but the source is at a different or unregulated value.

•

Ac input - ac output
The ac to ac power converter may be used to change the level and/or frequency of an input
ac signal.

This thesis is focused on the study of the dynamics of isolated power converters, which are included in
the dc to dc power converter classification.
-4-
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1.5 Dc to dc Power Supplies
Dc to dc power supplies can be classified in two different groups

•

Linear power supplies

•

Switch mode power supplies

The linear power supply contains a line frequency transformer and semiconductor devices operating in
their linear region as an adjustable resistor, resulting in large power losses. This means that the supply has
a large and heavy 50 Hz transformer, and a very poor power conversion efficiency. In Fig. 1.3 a block
diagram of a linear power supply with its different component parts is shown.

Line
Transformer

Rectifier

Filter

Linear
Regulator

Load

Reference

Fig. 1.3

Block diagram of a linear power supply.

On the other hand, a switch mode power supply operates at high frequencies, over the range of hundreds
of kilohertz so the size of the magnetic and associated filtering components are dramatically reduced in
comparison to the linear power supply and the semiconductor devices are operated in switching mode.
The efficiency of a switch mode power supply is over 10% and can now be as high as 95%.

Reference

Fig. 1.4

Block diagram of a non-isolated switch mode power supply.

There are two different types of switch mode power supplies non-isolated and isolated. In Fig. 1.4, the
block diagram of a non-isolated power supply is shown, isolation can be achieved adding a line
-5-
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transfoiTner to the input of the converter, but it is operated at line frequency, 50 Hz, so it is heavy and
relatively large. The line transformer of the non-isolated is included into the power supply, Fig. 1.5 it is
operated at the switching frequency of the converter, reducing its size and weight

Input
Filter

Rcclifier

Switching
Regulator

Power
Transformer

Output Filter

Load

If a switch mode power supply is operated from any suitable dc input, it is called a dc to dc power
converter.

1.5.1 Non-isolated dc to dc Power Converters
These are the simplest topologies possible, and have the lowest component count, requiring only one
inductor, one capacitor, one transistor and one diode. An input filter is normally required to eliminate
possible noise from the dc source

Input Filter

Switching
Regulator

Output Filter

Reference

Fig. 1.6

Block diagram of a non-isolated dc to dc power converter.

-6-
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1.5.1.1 BuckConverter
The buck or step down converter is the simplest power converter the output voltage generated is always
smaller than the dc input voltage Fig. 1.7, the steady-state dc voltage conversion ratio follows next
relation

(1.1)

IIT

C)

R<

Fig. 1.7

Buck converter power stage.

The isolated versions derived from the buck converter make them the most widely used power converter
topologies.

1.5.1.2 Boost Converter
As the name suggests, the boost or step up converter produces a larger average output voltage than the dc
input voltage, the steady-state dc voltage conversion ratio transfer function is given by

(1.2)

1-D,

The boost converter power stage is shown in next figure

---------------------------------------- ------------------w------------------

/-■

1

c Z” —

2

r
Fig. 1.8

Boost converter power stage.
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1.5.1.3 Buck-Boost Converter
The buck-boost output voltage can either be larger or smaller than the input voltage and the output
voltage generated is negative with respect to the input. A buck-boost converter, Fig. 1.9 can be obtained
by the cascade connection of a buck and a boost converter.

The steady-state dc voltage conversion ration transfer function is equal to

K.

(1.3)

1-D,

1.5.2 Isolated dc to dc Power Converters
The isolated dc to dc power converters includes a transformer operating at the switching frequency. It
provides electrical isolation betvv'een the input and the output, the transformer turns ratio can be selected
to provide outputs widely different from the input and multiple outputs easily, simply by adding more
secondary windings to the transformer.

Input Filler

Switching
Regulator

Power
Transformer

Output Filter

Load

Fig. 1.10 Block diagram of a isolated dc to dc power converter.

Isolated dc to dc power converters can be classified in two basic categories, depending upon how the
transformer core is operated.

Dc to dc Power Supplies

Introduction

1.5.2.1

Unidirectional Core Excitation

In a unidirectional core excitation dc to dc power converter, only the positive part (quadrant 1) of the B-H
loop is used, the transformer core has to be reset each cycle to avoid saturation, the transformer core is
poorly used.

1.5.2.1.1 Flyback Converter
The flyback converter is an isolated version of the buck-boost converter and the steady-state dc voltage
conversion ratio transfer function is dependent upon the duty cycle and the transformer turns ratio

D,

(1.4)

The flyback converter power stage is shown in Fig. 2.1

1.5.2.1.2 Fonvard Converter
The forward converter derives from the buck converter, and the output voltage is normally smaller than
the input voltage, the steady-state dc voltage conversion ratio is a function of the duty cycle and the
transformer turns ratio

A7

• D,

(1.5)

The forward converter power stage can be examined in Fig. 3.1

1.5.2.2 Bidirectional Core Excitation
In a bidirectional core excitation dc to dc power converter both the positive (quadrant 1) and the negative
(quadrant 3) parts of the B-H loop are utilised alternatively, thus the transformer core is used more
effectively. Bidirectional converters require an even number of transistors switches.

1.5.2.2.1 Half-Bridge Converter
The half-bridge converter is a derivative of the buck converter, as well, and in principle is a balance
version of the forward converter. Its output voltage is half of the input voltage and a function of the duty
cycle and the transformer turn ratio

K

1

(1.6)

The half-bridge converter power stage is shown in Fig. 4.1,
-9-
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1.5.2.2.2 Full-Bridge Converter
The full-bridge converter is a higher power version of the half-bridge by a factor of two, but at the cost of
an extra transistor.

(1.7)

Tire full-bridge converter power stage is shown in next figure

p— — ------------

--------

rrTY^

^

L•
------- ►!-----

^

Fig. 1.11 Full-Bridge converter power stage.

1.5.2.2.3 Push-Pull Converter
The push-pull converter is a derived version of the forward converter, as well. The steady-state dc voltage
conversion ratio is identical as the full-bridge converter, Eq. (1.7)

Fig. 1.12 Push-Pull power stage.

More information about dc to dc power converters is referenced in [10] to [15].

-10-
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1.6 Mathematical Modelling of dc to dc Power Converters
There are different techniques for modelling dc to dc power converters, only a brief introductions is
presented for the two different modes of conduction, these techniques will be used along the rest of the
chapters to model the dc to dc power converters under study.

The basic idea of modelling dc to dc power converters is to reflect the variation of the output voltage
(/) against the perturbation in the control duty cycle signal

{t), namely the small-signal ac control

to output transfer function. The variation of the output voltage versus the perturbation of the input voltage
(r) is called the small-signal ac line to output transfer function. Fig. 1.3.

Power
converter

^(0

i

dAi)

Fig. 1.13 Block diagram of a dc to dc power converter.

1.6.1 Continuous Conduction Mode
Two different tecliniques are used for modelling dc to dc power supplies in continuos conduction mode,
the state-space averaging and the averaging approaches.

1.6.1.1 State Space Averaging Modelling
The state-space description of dynamical systems is one of the main fields in modem control theory: the
state-space averaging method makes use of this description to derive small-signal ac averaged equations
of switch mode power converters. The equations are expressed in matrix form and averaged over one
switching period around steady-state dc quantities, these quantities are perturbed and a non-linear system
of equations is obtained owing to the presence of the product of time dependent quantities. Second order
non-linear ac terms are them neglected because they are very small in magnitude compared to the first
order ac terms, obtaining a linearized system of equations, by the use of this simplification, the source of
harmonics is effectively removed.

In references [1], [10] and [11], a description of this technique is discussed.

•IT
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1.6.1.2 Averaging Modelling
The second method for deriving the small-signal model of the continuous conduction mode converters is
the averaging modelling. The switching ripples in the inductor current and capacitor voltage waveforms
are removed by averaging over one switching period. The equations obtained are, in general, non-linear.
To obtain a linear mode, a small-signal model linearized about a quiescent point is constructed, in which
the harmonics of the modulation frequency are neglected.

In reference [11], a discussion of this technique can be analysed. This method is equivalent to the satespace averaging approach, but without the formality of writing the equations in matrix form.

1.6.2 Discontinuous Conduction Mode
Again, two different techniques are used for modelling dc to dc power converters in the discontinuous
conduction mode, the state-space averaging and the averaged switch modelling approaches.

1.6.2.1

State Space Averaging Modelling

In section 1.6.1.1 a brief description of this technique is presented, and in references [2] and [7], more
infonnation about all the possible techniques of modelling power converters in the discontinuous
conduction mode can be found.

1.6.2.2 Averaged Sw itch Model
The averaged switch modelling approach derives equivalent circuits of the discontinuous conduction
mode switch network. The loss-free resistor model is used in the discontinuous conduction mode, the
average transistor voltage and the current follows Ohm’s law, and hence the transistor is modelled as an
effective resistor

.

The average diode voltage and current obey a power source characteristic, with

power equal to the power effectively dissipated in

.

The diode is modelled as a dependent power

source. A small-signal model of the discontinuous conduction mode switch network is derived by
linearization of the loss-free resistor model.

In references [6] and [10], a description of the loss-free resistor model and the averaged switch modelling
approach can be obtained.

12-
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Chapter Two
Flyback Converter
2.1 Introduction
The flyback converter is a single switch isolated topology derived from the buck-boost converter; the
power stage circuit is shown in Fig. 2.1. The transformer core is asymmetrically excited, where only the
positive part (quadrant 1) of the B-H loop is used.

Fig. 2.1. Flyback converter power stage.

To understand the behaviour of the circuit, the ti'ansformer is replaced by an ideal transformer with an
inductance in parallel, called the magnetising inductance L^, Fig. 2.2. The flyback transformer does not
act like a real transformer, but as an inductor. The energy is stored in the air gap of the transformer during
the on time, and delivered to the output during the off time.

Fig. 2.2. Flyback converter equivalent circuit.
-13-
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2.1.1 Description of the Flyback Converter Time Intervals
The analysis of the circuit is divided in two time intervals for the continuous conduction mode and in
three for the discontinuous conduction mode.

The steady-state dc analysis of the flyback converter in the continuous and the discontinuous conduction
mode can be found in the disposable literature, and it is presented in this section as a completeness of the
thesis.

2.1.1.1 Flyback Converter Time Intervals in the Continuous Conduction Mode
2.1.1.1.1 Time Interv al One
During the first time inter\'al, transistor Qj conducts and the converter circuit model reduces to Fig. 2.3 is
obtained. The input voltage is applied to the primary side of the transformer and the transformer primary
side current, /)(/) increases, as shown in Fig. 2.4b. During this time interval the input energy is stored
into the transformer core air gap.

The voltage in the secondary side of the transformer V2, is equal to

(2.1)

Due to this voltage, diode D, is reversed biased, and the output capacitor supplies the energy to the load.

Fig. 2.3 Flyback converter equivalent circuit during the first time interval operating in the continuous
conduction mode.

-14-
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(«)

{d)

■I

(e)

Fig. 2.4 Waveforms of the flyback converter operating in the continuous conduction mode: (a) transistor
PWM signal; (b) transformer primary side current; (c) transformer primary side voltage; (d)
ti'ansformer secondary side cuixent and diode cuixent; (e) transformer secondary side voltage.

2.1.1.1.2 Time Interval Two
The second time interval begins when transistor g, is switched off, the voltage in the transformer
secondary side inverts its polarity, and diode D, becomes forward biased. The equivalent circuit of Fig.
2.5 is obtained. During the second time interval the energy stored in the transfomier core is transferred to
the load and the transformer secondaiy side current

decreases through diode D, with the slope

shown in Fig. 2.4d

Fig. 2.5

Flyback converter equivalent circuit during the second time interval operating in the continuous
conduction mode.
-15-
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2.1.1.2 Flyback Converter Time Inten als in the Discontinuous Conduction Mode
In the discontinuous conduction mode, a third time interval is added to the previous two time intervals,
which described the continuous conduction mode. During this mode of operation, the transformer primary
side current initial value Fig. 2.7b, and the secondary side final value Fig. 2.7d, are equal to zero.

2.1.1.2.1 Time Interval Three
The third time interval begins when the transfomier secondary side current reaches zero and diode Dj
becomes reversed biased, transistor Qi remains in off state. The equivalent circuit of Fig. 2.6 is obtained

Fig. 2.6

Flyback converter equivalent circuit during the third time interv'al operating in the discontinuous
conduction mode.

The transfomier primary side cuiTent remains at zero until transistor

is turned on again, the

waveforms during the discontinuous conduction mode of operation are shown in Fig. 2,7. The output
voltage is supplied by the capacitor C .

2.1.1.3 Design of the Flyback Converter
A real flyback converter was analysed and the component values shown in Table 2.1 were obtained. They
will be used along this chapter for the different modes of conduction.

2AV

C

66/iF

fs

300A7/2

25mQ.

Ts

333ijs

2

R

2Q(CCM) 20Q(CCM)

1

L

6^H

D,

Table 2.1 Flyback converter component values.
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(a)

(e)

Fig. 2.7 Waveforms of the flyback converter operating in the discontinuous conduction mode: (a)
transistor PWM signal; (b) transformer primary side current; (c) transformer primary side
voltage; (d) transformer secondary side and diode current; (e) transformer secondary side
voltage.

-17-

Continuous Conduction Mode

Flyback Converter

2.2 Equivalent

Circuit

Modelling

in

the

Continuous

Conduction Mode
In this section, two different techniques of modelling the flyback converter in the continuous conduction
mode are described, and the results obtained are compared.

2.2.1 State Space Averaging Modelling
Tire flyback converter modelling analysis is described along two time intervals. The magnetising
inductance of the transformer and the parasitic elements of the capacitor, namely the equivalent series
resistance

, are modelled in the equivalent circuit of Fig. 2.8. In the flyback converter the copper loss

of the magnetising inductance are not considered in the analysis, because they have little influence over
the dynamic response of the circuit.

The flyback converter state-space averaging model with the inclusion of the equivalent series resistance
of the capacitor was not found in the accessible literature.

R

2.2.1.1

Description of the Equivalent Circuit State Equations

The next section presents the description of the equivalent circuit state equations during the different time
intervals, as well as their matrix representation.

•18-
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2.2.LI.1 Time Interv al One
In this time interval, transistor

is switched on, Fig. 2.9. The primary side of the transformer will be

analysed first

-

Lm —ir

at

(2.2)

" ^

Solving the magnetising voltage from last equation

(2.3)

-v,„
Tlie magnetising inductance derivative is obtained from Eq. (2.3), as follows

1

_

(2.4)

R

Fig. 2.9

Flyback converter small-signal ac equivalent circuit during the first time interval.

The transformer secondary side capacitor loop is analysed

~^o

-

0

^

ic - ~^o

(2.5)

The capacitor current is given by

ir = C-

(2.6)

dt

-19-
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If we substitute Eq. (2.5) into Eq. (2.6), we have

C-

(2.7)

dt

The output current is equal to the voltage of the capacitor plus the voltage in the equivalent series
resistance divided by the load R , as shovm below

dvc
Vq

R~

Rc

R

"

R

~ R

dvc

dt

j_

(2.8)

r'^^

If we solve Eq. (2.8) for the capacitor current, we arrive to the next expression

dv^ _Rc
dvc
——
• C.
R
dt
dt

1
• Vf
R

(2.9)

From last equation, the capacitor voltage derivative is obtained, Eq. (2.10)

dt

(2.10)

{R+Rc)-C

The output voltage is equal to the voltage of the capacitor plus the voltage in the equivalent series
resistance

dvc
= ^Rc

+vc

(2.11)

Using Eq. (2.10) in Eq. (2.11) and simplifying, the output voltage is obtained as function of the capacitor
voltage state variable

R

R + Rc

■^c

-20-
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2.2.1.1.2 Time Interval Two
During the second time interval, diode

is forward biased, Fig. 2.10. For convenience, the transformer

secondary side is described first, so the capacitor loop equation is equal to

^D, “'c ~^o

-

ic

^

(2.13)

- A ~^o

The current through the diode is equal to the magnetising current multiplied by the transformer turns ratio

Ha
~ 'a N,

(2.14)

Substituting Eq. (2.7), Eq. (2.8) and Eq. (2.14) into Eq. (2.13), we obtain the next expression

dvc
dt

TVi
dv c
i, —H-CN2
R
dt

N,

1
R

(2.15)

'a 0)

N\

R

Fig, 2.10 Flyback converter small-signal ac equivalent circuit during the second time interval.

From Eq. (2.15), we can obtain the capacitor voltage derivative as shown in Eq. (2.16)

dvr
dt

N,
1
N2 [r + r^).C

1

(2.16)

+

C
-21
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The transformer primary side voltage Vj (/) is equal to the output voltage reflected into the primary side
as shown in the following equation

v.W = —-v,

(2.17)

The transformer magnetising inductance voltage loop is equal to

(0 + Vi(0 = 0

(2.18)

Using Eq. (2.17) into (2.18) and substituting V; (t) by its mathematical expression, it yields

(2.19)

Using Eq. (2.11) and (2.16) into Eq. (2.19), we obtain

di,

E
l
n'^

dt

u

dt

El

(2.20)

From last equation, the magnetising inductance derivative is determined

di,
dt

N,Y

R-Rr

Ni)

^

1

Rc
R+Rq)

1

(2.21)

The output voltage equation is equal to

ch’c

(2.22)

= ^Rr +^C

Using Eq. (2.16), we obtain last equation as a function of the magnetising inductance current and the
capacitor voltage state variables

N,

R-Rr

.

R

V —---------------- i , H------------Vp
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If we express the state variables in matrix form, the state matrices are shown in, Eqs. (2.24) and (2.25)

0

0

AI

(2.24)
0

(/e+ Rc) CJ

Rc
RNT Rc
A2

R + Rc j
N2 Lni

N2^ (R + Rc) Lm

Nl

(2.25)

Nl R
N2C(R+Rc)

{R+Rc)C

The input matrices are given by the matrices of Eqs. (2.26) and (2.27)

81

-

Lm

(2.26)

0

82

(2.27)

And the output matrices equal to Eqs. (2.28) and (2.29)

Cl-M 0

(2.28)

R + Rc

RRcNl

R

N2{R+Rc)

R + Rc_

(2.29)

2.2.1.2 State Space Averaged Model
During each time interval the equivalent circuit is described by means of the state variable vector
X consisting of the magnetising current

and the capacitor voltage

as shown in Eq. (2.30)

(2.30)

X =

-23-
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During each time interval, the following state equations are a function of the state variable vector and the
input voltage

X = Aj •X+Bj •

X

during

= A 2 • X + B 2 • v,^ during

(2.31)

2

d

■

(2.32)

The output voltage is described in terms of the state variable vector alone

during

d-^ ■

(2.33)

= C 2 • X during u'2 ‘

(2.34)

Vg = Cj • X

The state equations corresponding to the two time intervals are averaged over the switching period,
resulting in Eq. (2.35)

x

=

[a,

-x +

B, ■v,„\d^

+

[a2

•X +

B2 -v^^-d^

(2.35)

Collecting tenns in last equation, we obtain Eq. (2.36)

X = [a ,

-d^

+ A 2 ■ t/2 ] ■ X + [b 1 ■ c2, + B 2 •<3^2]''

(2.36)

Averaging the output equations over a switching period, it yields

'0

-[Ci

-d^

+C2

(2.37)

The duty cycle, c/2 is a function of c/,, shown in the next equation

c/2 — 1

</i

(2.38)

Now, we substitute Eq. (2.38) into Eq. (2.35) and Eq. (2.36), obtaining the next expressions

X = ^A1 • c/j + A 2 •

(1 - c/] )j • X + ^B j • c/j + B 2 • (1 - c/, )j • ■

Vo =[Ci -^1 +C2 -(l-c/Jj-x

-24-
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Small-signal ac perturbations are introduced in the dc steady-state variables

X= X+x

(2.41)

V = V +V

(2.42)

(2.43)

(2.44)

V +' V in
^in = 'in

V

Using Eqs. (2.41) through (2.44) into Eq. (2.36), we arrive to

•(X + x)

X -t- X =

(2 45)

The state matrix A is defined by

a

=

a,£>,+A2-(i-d,)

(2.46)

Using Eqs.(2.24) and (2.25) into last expression, it becomes equal to

(-1 +D\)R Nl Rc

A ;=

(-1 + D1 ) A7 R

(R + Rc) N2 Lin

A'2"' (R + Rc) Lin

(2.47)

(1 + Dl ).V7 R

1

N2C{R + Rc)

(R+ Rc)C

The input matrix B is given by

B — B j • Z)] + B 2 .(l-D,)

(2.48)

As we did before, using Eqs.(2.24) and (2.25), last equation transforms into

D1

B

Lni

(2.49)

0
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By the use of Eq. (2.46) and Eq. (2.48), terms in Eq. (2.45) are collected

X + t = [A + Ai .^1 -A2 •^2]-(X + x) + [b + Bi-Ji -B2

+v,J

(2.50)

Expanding last equation

X + x = A X + A-x+[Ai -Ji -A2 •^i]-X + [Ai •

+B

-A2

+B.v,„ +[b,-d, -B2 ■d,\v,, +[b,-d, -B2 •

Neglecting second order non-linear terms, products of x and

(2.51)

with d^

X + t = A-X + A-x + [Ai •5', -A2 •5',]-X + B-F„, + B-v^„ + [Bi

~B2

(2.52)

Grouping terms in last equation, it yields

X + t = A-X + B-K,„ +A-x + B-v,„ +[(a, - A2)-X+ (Bi - B2)-]•

(2.53)

From last expression the steady-state dc equation is obtained, noting that X is equal to zero

X = A.X + B-F,=0

(2.54)

From Eq. (2.53) equation the small-signal ac equation yields

x = A-x + B-v,, +[(Ai -A2)-X + (Bi -B2)-F,„]-5',

(2.55)

If we apply the small-signal ac perturbations of Eqs. (2.41) trough (2.44) into Eq. (2.40), the output
equation, we arrive to the next expression

+v„ =[c, -(d, +^,)+C2 •((l-Z),)-^,)]-(X + x)

-26-
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The output matrix C is defined by

C = Ci -Dj +C2 -(l-a)

(2.57)

Substituting Eqs. (2,28) and (2.29) in the last equation, it becomes equal to

{-l + D])RRcNI

R

N2{R+Rc)

R+Rc

(2.58)

Collecting terms in Eq. (2.56) using Eq. (2.57), we obtain

A + A = [c + C, • A - C2 •^,]-(X +x)

(2.59)

Expanding Eq. (2.59), it yields

+v„ =C-X + C-x+[c,

-C2 •5',]-X + [Ci -^1 -C2 -AJ-x

(2.60)

Neglecting second order non linear terms, products of x and d.

+ v„ =C-X + C-x+[Ci A, -C2 • J,]-X

(2.61)

+ v„ =C-X + C-x+[(Ci -C2)x]-J,

(2.62)

And, grouping terms

From last equation the steady-state dc equation is obtained

K=C-X

(2.63)

And Eq. (2.62) the small-signal ac equation is equal to

r„ =c.x+[(c,-c,)x]

-27-
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2.2.1.3 Steady-State de Voltage Conversion Ratio Transfer Function
Using Eq. (2.54) and Eq. (2.63) the steady-state dc voltage conversion ratio transfer function is solved as
shown in the following equation

— = -C-A'

(2.65)

Substituting Eqs. (2.47), (2.49) and (2.58) into Eq. (2.65), the desired transfer function is obtained

N,

R + Rr
r{1-D^) +

•D,

R^

(2.66)

In last equation, a dependency of the equivalent series resistance of the capacitor in the steady-state dc
voltage conversion ratio is observed. The presence of R^^ is justified in the following paragraph; during
the first time interval, the output capacitor provides the output voltage, and the equivalent series
resistance associated with it produces a voltage drop in the energy supplied to the load. This resistance
produces a variation in the expected value of the steady-state dc output voltage, and it must be corrected
by the feedback loop. In most of the applications, R^ can be neglected due to its small value in relation
with the magnitude of the steady-state dc output voltage.

In the ideal case, where the equivalent series resistance is not modelled, Eq. (2.66) reduces to the next
simplified expression

V.

A,

A
N, 1-A

N,

(2.67)

Last equation presents the classical steady-state dc voltage conversion ratio transfer function available in
the literature.

2.2.1.4 Small-Signal ac Control to Output Transfer Function
The dynamic small-signal ac transfer function is solved by expressing Eq. (2.55) into the Laplace domain

5-x(^)

= A-x(5) + B-V,„(5) + [(Ai-A2)-X + (Bi-B2)-L,„]-^,(5)
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And Eq. (2.64), the output equation, expressed in the Laplace domain yields

v„(j) = C.xM + [(c,

-C2).x]-rfi(i)

(2.69)

The small-signal ac control to output transfer function is obtained noting that the perturbation of the input
voltage,

(s) must be zero in Eq. (2.68)

s.x(i) = A.I(s)+[(A, -Aj).X + (b,

(2.70)

Simplifying last equation, we obtain the next expression

x(x).[5.|-A]=[(A,-A,).X + (B,-Bj).r,„].?,(5)

(2.71)

Solving last equation for x(5), we arrive to

x(^)

= [x.I-a]-'.[(a,-A,).X + {b,-B,).K,„].?,(s)

(2.72)

Solving \{s) in Eq. (2.69), we obtain

C.x(j) = v„{i)-[(c, -C2).x].J,(i)

(2.73)

Isolating \(s) in the left-hand side of last equation, we airive to the next result

x(i’) = C

7„(j)-[(C|-cd.x].J,(i)

(2.74)

Combining Eq. (2.72) and (2.74), Eq. (2.75) is obtained

Vo (-y) = C.^.I-A]-' .[(a, - Aj.X + ie, -b4.K,„] + (c, -cd.xj.rf,)^)

(2.75)

The small-signal ac control to output transfer function is solved from the last equation

Vo(^) = C.[x.I-A]-' .[(a, -A,).X + (b, -B2).F,„]+(c, -C,).X

5', (5)
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Using Eqs. (2.24) trough (2.29), Eq. (2.47) and Eq. (2.58) in Eq. (2.76) we obtain die non-ideal smallsignal ac control to output transfer function of the flyback converter operating in the continuous
conduction mode

diis)

RN,V,
2^ in
N,(-R^ + r(-\ + D,))(-1 + D,)

(- R,D,nIl^Rc)s^ + (- D,L^[2R^ + r]nI + R^nIr,c{- 1 + D.fl +
Rh'lL^c[2R^ +

+ (- R'CrX- 1 + D,)nI + L„nI[r^ + /?)).? +

1 + D,)\2R^ + r)
1 + Di)(- R^ + 7^(- 1 + D,))

(2.77)

Last equation is made up of two poles, one zero due to the equivalent series resistance of the capacitor
and one right-half plane zero as a result of the operation in the continuous conduction mode [10] and [11],
as displayed in the next equation in standard form

cl^(s)

(S + S^^)-{S + Spj

(2.78)

The symbolic values of the temis of last equation are shown in Table 2.3, in the next page

By the use of the component values of Table 2.1, equation (2.77) becomes equal to

.8004000000 lO'* ’

+ .4684800000 lO'^ .9 -f 5.9Q4()()

-32.6530612:
-.1640820000 10’^ .v^ - .00002815800000,9 - 5.8800

(2.79)

The natural frequency, the frequency of the right half-plane zero and the frequency of the zero of the
system are shown in Table 2,2

co„

59M2 KHz

CO,
-■1

12 MHz

CO,
"2

6\ A.692 KHz

Table 2.2 Natural frequency, frequency of the right-half zero and frequency of the zero of the small-signal
ac control to output transfer function of Eq. (2.79).
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The Bode plot of the small-signal ac control to output transfer function of Eq. (2.79) is shown in Fig.
2.11, the transfer function is a non-linear function of the steady-state dc duty cycle Dj. The magnitude
starts at a fixed gain given by K , which is a non-linear function of the steady-state dc input voltage

.

The phase response starts at zero degrees at a equal to zero. The peak of the magnitude at the resonant
frequency co„ is especially sharp, corresponding with the value of the damping coefficient obtained
^ = 0.1433 . Beyond the natural frequency, the magnitude falls with a slope of-40dB / dec 2ind the phase
tends towards -180°. When the frequency of the zero introduced by the equivalent series resistance of
the capacitor

is reached, the magnitude changes the slope to -lOdB! dec and the phase angle tends

toward -90°. At frequencies beyond the frequency of the right-half plane zero

, the magnitude plot

flattens, and the phase goes to -180°, The frequency of the right-half plane zero is a function of the
transfoiTner magnetising inductance

times a non-linear function of the steady-state dc duty cycle D,.

The presence of the right-half plane zero, makes the compensation feedback loop more complicated that
in buck derived converters, it can be eliminated operating the flyback converter in the discontinuous
conduction mode as discussed in references [10] and [11].

Bode Diagrams

Fig. 2. 11 Bode diagram of the small-signal ac control to output transfer function of Eq. (2.79).
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The ideal case is presented next, where the effects of the equivalent series resistance of the capacitor are
not modelled, so the small-signal ac control to output transfer function of Eq. (2.80) is not a function of
Rr

/V,{-l+A)' {Avj/,cy+(i„A'h.> + (^?(-l + A))

(2.80)

As expected, the effects of the zero introduced by the equivalent series resistance of the capacitor are not
present in the Bode diagram of Fig. 2.12. The natural frequency to„ remains unaffected and the system
response is the same as in the non-ideal case, but due to the absence of the zero, the magnitude remains
falling with a slope of -A^dB! dec and the phase tends toward -180°. Beyond the frequency of the
right-half plane zeroco,^ , the magnitude changes the slope to -IQdB! dec and the phase tends towards
-270°. As shown in Fig. 2.12, the equivalent series resistance of the capacitor has a negligible effect
over the poles of the system and only has an important effect over the zero of the transfer function.

Bode Diagrams

Fig. 2.12 Bode diagram of the small-signal ac control to output transfer function of Eq. (2.80).
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2.2.1.5 Small-Signal ac Line to Output Transfer Function
The small-signal ac line to output transfer function is deduced in the following section. The perturbation
of the duty cycle

(s) must be zero in Eq. (2.68)

5-x(.s) = A-x(5) + B-it.„(5)

(2.81)

Simplifying last equation, we arrive to

x(5)-[5.I-A]

= B.v;„(5)

(2.82)

And solving x(.y) from Eq. (2.82)

x(.s) = [i"l- a] ‘ •B-i^„(5)

In the output equation, Eq. (2.69) the perturbation of the duty cycle

(2.83)

(5) is made equal to zero, as well

Vo(.v) = C-x(5)

(2.84)

Solving last equation for \(s), give us the next solution

x(s) = C'* •v„(5)

(2.85)

Combining Eq. (2.83) and Eq. (2.85), the output voltage as a function of v,„{s) is shown

v„(5)

= C-U-I-A]-'-B.v;^(5)

(2.86)

From Eq. (2.86), the small-signal ac line to output transfer function yields

Vo(-y)

v,„is)

= C-U-I-A]" -B
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Using Eqs. (2.47), (2.49) and (2.58) in Eq. (2.87), we obtain the non-ideal small-signal ac line to output
transfer function of the flyback converter operating in the continuous conduction mode

Vo(^)

- ((- 1 + D,)rN,N,D,)- (((/?,c)5 + l)i? + R,
RNIl^c[iR^ + r))s^ + (- R^CR^{- 1 +

+ L^nI[r^ +

1 + /9i)(- R, + i?(-1 +

(2.88)

Last equation is expressed into standard form in Eq. (2.89). The non-ideal small-signal ac line to output
transfer function is composed of two poles and one zero due to the equivalent series resistance of the
capacitor

V,„(5)

= A •■

(5 + i,’^^)-(.y + 5^J

(2.89)

The symbolic values of the tenns of last equation are shown in Table 2.5, in the next page

By the use of the component values of Table 2.1, equation (2.88) becomes equal to

,96

.33350 10

.y + 2.025

-.1040820000 10'^ .r - .00002815800000i’ - 5.8800

(2.90)

The natural frequency and the frequency of the zero of the system are shown in the next table

59&62KHZ
CO,^2

607.1967://z

Table 2.4 Natural frequency and frequency of the zero of the small-signal ac line to output transfer
function of Eq. (2.90).

In the Bode diagram of the small-signal ac line to output transfer function, the right-half plane zero shown
in the control to output transfer function is not present, due to the elimination of the dependency of the
perturbation of the duty cycle d-^ in the process of obtention of the transfer function.
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Bode Diagrams

Fig. 2.13 Bode diagram of the small-signal ac line to output Uansfer function of Eq. (2.90).

The gain K is a non-linear function of the steady-state dc duty cycle D,. The magnitude starts on a fixed
point, given by this gain, and the phase starts at zero at co equals to zero. Beyond the natural frequency
£0„ the curve falls with a slope of -40dB / dec and the phase tends tow'ard - 180°. When the frequency
of the zero introduced by the equivalent series resistance of the capacitor

is reached, the magnitude

changes to a slope of -20dB / dec and the phase is boosted towards - 90°.

In the ideal case where the equivalent series resistance of the capacitor is not modelled, we arrive to the
next expression

(2.91)

The Bode plot of the last equation is showm in Fig. 2.14.
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The effects of the equivalent series resistance of the capacitor are removed, so the zero disappears and tlie
Bode plot of the system obeys a second order system response shown in the next figure, with the
magnitude falling with a slope of -A{)dB / dec and the gain going to - 180°, beyond the natural frequency
. The natural frequency is slightly different in this case than in the non-ideal case, so as pointed out
before, the parasitic elements have negligible effect over the poles of the system.

Bode Diagrams

Fig. 2.14 Bode diagram of the small-signal ac line to output transfer function of Eq. (2.91).
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2.2.2 Averaging Modelling
The equivalent circuit of Fig. 2.15, used in the next sections to describe the different circuit averaged
equations during the time intervals, is the same analysed in the state-space averaging technique.

This technique can be found in reference [10] applied to the flyback converter without the inclusion of
equivalent series resistance of the capacitor, so is presented in this thesis including it.

R

^''oCO

Fig. 2.15 Flyback converter small-signal ac equivalent circuit.

2.2.2.1

Description of the Equivalent Circuit Equations

2.2.2.1.1 Time Interv al One
During the first time interval transistor

is switched on and diode

is reversed biased. Fig. 2.16

R

>^(0

Fig. 2.16 Flyback converter small-signal ac equivalent circuit during the first time interval.
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The input current of the converter is equal to the transformer magnetising current

=

(0

(2.92)

(0

(2.93)

The magnetising inductance voltage is given by

(0 =
The capacitor current is equal to the next equation

^c(0 = -'o(0 = - R
Using the small ripple approximation, we replace

(t),

(2.94)

(t) and /^(O in Eqs. (2.92), (2.93) and (2.94)

with their averaged values, first the input current

(2.95)

The magnetising inductance voltage

(2.96)

And the capacitor current is equal to

Vo(0

ic(0 = C

(2.97)

dt

2.2.2.1.2 Time Interval Two
During the second time interval, transistor O, is switched off and diode D, is forward biased in the
circuit of Fig. 2.17.

The input current of the converter is equal to zero

hn

(0 = 0

(2.98)
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The magnetising inductance voltage is equal to the output voltage reflected on the primary side of the
transformer

(2.99)

R

^^(0

Fig. 2.17 Flyback converter small-signal ac equivalent circuit during the second time intei'val
The capacitor cuiTent is equal to

Vo(0

R

(2.100)

Using the small ripple approximation, the input current, the magnetising inductance voltage and the
capacitor cuirent, Eqs. (2.98), (2.99) and (2.100) are replaced with their averaged values. The input
current is equal to zero

hn

(0 = 0

(2.101)

The magnetising inductance voltage is equal to

(2.102)

And the capacitor current is given by

N,

/

\

C (')/,,
R

re
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2.2.2.2 Averaging of the Equations
The flyback converter magnetising inductance voltage waveform is plotted in Fig. 2.18

d T
2 s

Fig. 2.18 Flyback converter magnetising inductance voltage waveform.

If we average the magnetising inductance voltage during the two time intervals, given by Eqs. (2.96) and
(2.102), we arrive to

(2.104)

N.

Letting 0^2(0 as a function of d^{t)

d2{t) = \-d^{t)

(2.105)

Using Eq. (2.105) on Eq. (2.104), we obtain

V/.JO = a'i(0-(v,„(0)^^

L.

+^i(0-77^-(vo(0

(2.106)

By definition, the averaged magnetising inductance voltage is equal to

d.

(2.107)

<')).,

Insertion of Eq. (2.106) into Eq. (2.107), yields

^(u(ol

(0 ■ (vi„ (O), - (l - <^1

dt
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As in the inductor, the capacitor current is averaged during the two time intervals of Fig. 2.19, given by
Eqs. (2.97) and (2.103)

f
+ ^2(0‘

R

V

J

(0

N,

R

V

(2.109)

irC)

('ch)).

1

Fig. 2.19 Flyback converter capacitor current waveform.
Simplifying last equation by the use of Eq. (2.105)

r

\

/

^

N, /

\
(2.110)

The averaged capacitor current, by definition, is equal to

divc{t)]

C

dt

(2.111)

- (^c(O).

Insertion of Eq. (2.110) into Eq. (2.111) yields

d[vc{t)

d(‘Vr,

C- - - - - - - -- ^ =
dt

R

<- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - ►!
Fig. 2.20 Flyback converter input current waveform.
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The input current during the two time intervals shown in Fig. 2.20 given by Eqs. (2.95) and (2.101) is
averaged, resulting in the next expression

=^i(0-(hJ0

(2.113)

To construct a small-signal ac model, it is assumed that the input voltage
are equal to the dc values,

and

, plus the small ac variations

(/) and the duty cycle

(t) and

(t)

(t) . Hence, we obtain

(2.114)

(2.115)

d^(t) = Z)i +di(t)

In response to these inputs, the averaged inductor current (/^(/))^ , the averaged capacitor voltage
(^c

> the averaged input voltage (/,„ (/))^__, and the averaged output voltage (v„ (/))

to the corresponding steady-state dc values I, V(^, Iand

will be equal

plus the small-signal ac variation

4,(0 and v„(/).

0.,„(0/

+0„,(0

(2.116)

^c(0/y,^ - OC +^’C(0

(2.117)

(h,7 (O) j

't' hn (0

(2.118)

Vo(0/y. =l^o+Vo(0

(2.119)

~~ ^in

Inserting of Eq. (2.114) through (2.119) into Eq. (2.108), yields

= (d, + <5. (o) ■ (k™ + ^« (')) - ((i - o,) - rf, (O) • ^

dt

-44-

+ Co {<))

' 2°)

Flyback Converter

Continuous Conduction Mode

Neglecting second order ac terms products of v,„(^)and d^{t), and grouping terms, we obtain the next
equation

^di; (t)^
L,-

dt

dt

N,

(2.121)

1 he steady-state dc terms are equal to zero by definition of the average inductor current

o= A

(2.122)

The small-signal ac terms are equal to the small-signal ac magnetising inductance voltage

dij^^

(0 = A • A(0 +

v,„ ■ d^t)

- (i - a) • ^■ v„(0 + A(0 ■

•K

dt

(2.123)

Again, inserting of Eq. (2.114) through (2.119) into Eq. (2.112), yields

d{Vc+ic(‘>)

K+v<,(0)

(2.124)

dt

Grouping terms in last equation, we obtain

Cl

, ^vc(0

dt

dt
(2.125)

The steady-state dc terms are equal to zero by definition of the average capacitor current

o = (i-a)A-4 a
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The small-signal ac terms are equal to the small-signal ac capacitor current

C

-

. ..

dt

.
N,

^o(0
R

(2.127)

Once more, inserting Eq. (2.114) through (2.119) into Eq. (2.113), yields

+hn(0 = (-^i +

(Oj

(2.128)

Grouping terms in last equation, we arrive to

+h«(0 = A 'h„, + A

(0 +A(0‘^z.„

(2.129)

The steady-state dc term is equal to the dc-input voltage

L„

(2.130)

The small-signal ac terms are equal to the small-signal ac input current

hniO =

2.2.23

A ■A(0 + ^i(0-^r

(2.131)

Steady-State dc Equivalent Circuit

Next step is to construct the steady-state dc equivalent circuit, with the use of Eqs. (2.122), (2.126) and
(2.130) the result is shown in Fig. 2.21

Fig. 2.21 Flyback converter steady-state dc equivalent circuit.
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The dependent current and voltage sources are combined into dc transformers, Fig. 2.22

We refer the input voltage to the secondary side of the first dc transformer, and we arrive to the circuit of
Fig. 2.23

^2

Fig. 2.23 Simplification of the steady-state dc equivalent circuit of Fig. 2.22.

Next, is to refer all the primary side sources to the secondary side of the second dc transformer

N,

■

Fig. 2.24 Final simplification of the steady-state dc equivalent circuit of Fig. 2.22.

2.2.2.3.1 Steady-State de Voltage Conversion Ratio Transfer Function
From Fig. 2.24, we obtain the steady-state dc voltage transfer function

N.

D,
1-A

V =—±-------

"

"
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Using the averaging technique, a non-dependence of the equivalent series resistance of the capacitor on
the steady-state dc voltage conversion ratio transfer function is obtained. During the first time interval in
Eq. (2.94), it is assumed that the capacitor current is equal to the output current, and this one is equal to
the output voltage divided by the load. The equivalent series resistance of the capacitor is not present in
the output voltage equation, as the state-space averaging model predicted in the preceding section.

2.2.2.4 Small-Signal ac Equivalent Circuit
Once we have the steady-state dc voltage obtained, the following step is to obtain the small-signal ac
equivalent circuit, by using Eqs. (2.123), (2.127) and (2.131), the circuit of Fig. 2.25 is built, considering
the equivalent series resistance of the capacitor.

Fig. 2.25 Flyback converter small-signal ac equivalent circuit.

The dependent current and voltage sources can be combined into ac transfomrers

Fig. 2.26 Flyback converter small-signal ac equivalent circuit, including ac transformers.

The primary side voltage and current sources are referred to the secondary side of the first ac transformer
and last figure transforms into the next equivalent circuit

------------ --------------------------------

a.------------------<

p

p

^
R<

1
Fig. 2.27 Simplification of the small-signal ac circuit of Fig. 2.26.
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The sources and the transformer magnetising inductance of the primary side are referred to the secondary
side of the second ac transfoimer and the circuit of the next figure is obtained

N,

■ 1-Q

-nnroN\ \-D\ ^

.-(t)

Q

«< v(;)

Fig. 2.28 Final simplification of the small-signal ac circuit of Fig. 2.26.

To obtain the small-signal ac equivalent circuit, we apply the Laplace transform to the circuit of Fig. 2.28
and the next equivalent circuit is obtained

.

Ml

D,

.

/ + N.

A', ■ 1-D,

(l-D,)"

■e

Ni 1-Di

0

Fig. 2.29 Small-signal ac equivalent circuit after applying the Laplace transform on equivalent circuit of
Fig. 2.28.

2.2.2.4,1 Small-Signal ac Control to Output Transfer Function
The small-signal ac output to control transfer function is obtained by letting the perturbation of the input
voltage v,„(5) equal to zero on the small-signal ac equivalent circuit of Fig. 2.29. For a matter of
simplicity, we group terms under impedance and we apply the superposition theorem. The circuit of Fig.
2.29 will be analysed as two different circuits, the first circuit will consider the voltage sources, and the
second will consider the current sources. The final solution will be the addition of the two different results

Z, =

L„s

(2.133)

Z2 - Rc + — 0

Cs
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Only the voltage sources are considered in the next figure, the current sources are connected to the ground
potential

N2_ ^
V, l-D, 'r"

Fig. 2.30 Small-signal ac control to output simplified equivalent circuit considering the voltage sources,
only.

Simplifying the ciicuit of Fig. 2.30, we obtain the next circuit

V,

l-D, i

V,

(s)

Fig. 2.31 Small-signal ac control to output equivalent circuit considering the voltage sources only, final
simplification.

If we solve

(.y) from Fig. 2.31, we obtain the first term of the small-signal ac output voltage

iV, Z,+2, 1-Di

A^2

(2.135)

In the equivalent circuit of Fig. 2.29, only the current sources are analysed and the voltage sources are
considered in open circuit, so we have the next circuit

Fig. 2.32 Small-signal ac control to output simplified equivalent circuit considering the current sources,
only.
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Simplifying last circuit, the following circuit is obtained

N, .

^2 ^

(•^)

Fig. 2.33 Small-signal ac control to output equivalent circuit considering tire current sources only, final
simplification.

If we solve

(j') from Fig. 2.33

N2

Z.

(2.136)

The current trough the magnetising inductance is equal to

N,]
/,

=

a

(2.137)

l-R-Kn

TV,

(l-O.)

Introducing Eq. (2.137) into Eq. (2.136), we obtain the second term of the small-signal ac output voltage

^0, (‘^) =

N-

Z),

Z2
+Z2

d,is)-R-V,

(2.138)

‘

The total small-signal ac output voltage is equal to the addition of Eqs. (2.135) and (2.138)

Vo

(s)

= V

(5) + F

(2.139)

(.s)

Expanding last equation, it yields

N2

Z2

TV, Z, +Z2

TV,

di{s)
•

1-A V

V -—--v
TV
V

\3

-I

2

A
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From last equation the small-signal ac control to output transfer function is obtained

V,(5)
N2
Z2
1
A^,
-4— =
.----- -—.------- ■\V+ —- • V
cl,(s) N, Z,+Z2 1-D, I
N2 0

N.

a
(l-D,)^

■R-K.

(2.141)

Introducing Eqs. (2,133) and (2.134) in Eq. (2.141), the non-ideal small-signal ac control to output
transfer function of the flyback converter operating in the continuous conduction mode is obtained

v.(^)
^i(^)
((fi.c)^ + l)((L,A'j£),)i-

N.V,.
N (- 1+0,)' (A,'i„c(/J +

I + D,)'

1 + D,)'

1+

(2.142)

Last equation is expressed in standard fonn in Eq. (2.78), and the symbolic values of the temis of it are
shown in Table 2.7

The symbolic terms of Table 2.7 are slightly simpler than in the state-space averaging method because of
the reasons exposed in section 2.2.2.3.1, but the response of the system shown in the Bode diagram of
Fig. 2.34 is not affected in great manner.

Now we use the component values of Table 2.1, equation (2.78) becomes equal to

(.16675 10'^ .y + 1)(.2400000000 lO'^ .y - 2.88)
-.13.3 3 3 3 3 3 3 3------------------------------------------------------^
.8104050000 10**^

+ .00001080240000.y + 2.88

(2.143)

The natural frequency, the frequency of the right half-plane zero and the frequency of the zero of the
system are shown in the next table

co„

59.eu KHz

CO.■^1

MMHz

(0^^2

599.10QKHZ

Table 2.6 Natural frequency, frequency of the right-half zero and frequency of the zero of the small-signal
ac control to output transfer function of Eq. (2.143).
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As mention previously, the Bode diagram of the next figure shows the same response as in Fig. 2.11, so
the loss of accuracy is negligible.
Bode Diagrams

Fig. 2.34 Bode diagram of the small-signal ac control to output transfer function of Eq. (2.143).

And for the ideal case where the equivalent series resistance, Rq is equal to zero, we obtain the next
expression

N,V.
2^ in

A'.Fi + a)

(l„nId,)s-{rn^{-\ + d,)‘
(2.144)
(A'2"i„C«y+(i„A'h^+ /W?(-1 + A)

This equation is identical as Eq. (2.80), and the response of the circuit is the same as shown in the Bode
plot of Fig. 2.12.
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2.2.2.4.2 Small-Signal ac Line to Output Transfer Function
To obtain the small-signal ac line to output transfer function we must let the perturbation of the duty cycle
i/] (5) equal to zero on the small-signal ac equivalent circuit of Fig. 2.29. Equations (2.133) and (2.134)
are utilised to simplify the circuit

^
V, l-D,

-

Fig. 2.35 Small-signal ac line to output simplified equivalent circuit.

Simplifying the circuit of Fig. 2.35, we arrive to the next circuit

Fig. 2.36 Small-signal ac line to output equivalent circuit, final simplification.

If we solve

(5) from Fig. 2.36

^

Z2

N2

^0

—FT
1 - Dj ■ Z] + Z2

(2.145)

The small-signal ac line to output transfer function is obtained from last equation

Vo(s)

N2

A

Z2
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Introducing Eqs. (2.133) and (2.134) in Eq. (2.146), the non-ideal small-signal ac line to output transfer
function of the flyback converter operating in the continuous conduction mode is obtained

Vo(-y)

b„(^)
{{RcC)s+i)
- (-1 +

•

(nIl„c{r + R,)y + (m,c(- I + a)'

+ (/W,4- 1 + aF

(2.147)

Eq. (2.147) is expressed in standard form in Eq. (2.89), and the symbolic values of the terms of it are
shown in Table 2.9, in the next page.

Now we use the values of Table 2.1, equation (2.147) turns into

16675 lO"'’
.96

.8104050000 10'^^

f-

+ ,000010802400005 + 2.88

(2.148)

The natural frequency and the frequency of the zero of the system are shown in the next table

0),,

59.6\3KHz

0),
"'2

599.700KHZ

Table 2.8 Natural frequency and frequency of the zero of the small-signal ac line to output transfer
function of Eq. (2.148).
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The Bode plot of the next figure shows the response of the small-signal ac control to output transfer
function, As before the symbolic terms are slightly simpler, but the response of the system is not affected
significantly, following the same response as in Fig. 2.13.

Bode Diagrams

Fig. 2.37 Bode diagram of the small-signal ac line to output transfer function of Eq. (2.148).

In the ideal case, where the equivalent series resistance of the capacitor is equal to zero, we arrive to the
next result

=-(-1 + Di)/?jViAA2 A •

v.nis)

(rN^L„c)s^ + (L„Ni)s + (7W?(- I + D,)'
(2.149)

Last equation is identical to Eq. (2.91) and the response of the system is the same as the one shown in the
Bode plot of Fig. 2.14. It can be concluded that the accuracy of the state-space averaging method is
higher, but the results obtained by the averaging approach are perfectly valid as long as the value of the
equivalent series resistance of the capacitor is small.
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2.3 Equivalent Circuit Modelling in the Discontinuous
Conduction Mode
In this section, only the state-space averaging technique will be employed to develop a mathematical
model for the flyback converter.

2.3.1 State Space Averaging Modelling
When the flyback converter is operated in the discontinuous conduction mode, a third time interval is
added to the tw'o considered during analysis of the continuous conduction mode.

This method uses the classical state-space technique in the continuous conduction mode applied to a
flyback converter operating in the discontinuous conduction mode; this approach was not found in any
known reference.

2.3.1.1 Description of the Equivalent Circuit State Equations
2.3.1.1.1 Time Interval Three
During the third time interval, transistor O, remains off and diode D, is reversed biased. Fig. 2.38.

R

^^(0

Fig. 2.38 Flyback converter small-signal ac equivalent circuit during the third time interval.

The magnetising current is equal to zero due to the off state of transistor

ir

=0

Q-^

(2.150)
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From last equation, the magnetising inductance derivative is equal to zero

di)
=

dt

(2.151)

0

The capacitor voltage derivative is solved from Eq. (2.16), letting the magnetising inductance state
variable term equal to zero

dv,
dt

[R + Rc]-C

(2.152)

The output voltage is obtained from Eq. (2.23), applying the same simplification as in the last equation,
and it is a function of the capacitor voltage state variable

R

(2.153)

■^c

R + Rc

If we express Eqs. (2.151), (2.152) and (2.153) in matrix form, the state variable matrix is equal to
^0
.13

0
(2.154)

:=

0

(R+Rc)

C_

The input matrix is given by the next equation

B3

(2.155)

:=

And the output matrix equals to Eq. (2.156)

C3

R
R

+

Rc

(2.156)

Equations (2.154), (2.155), (2.156) and Eqs. (2.24) through (2.29) describe the flyback converter
operating in the discontinuous conduction mode.
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2.3.1.2 State Space Averaging Model
As in the continuous conduction mode, during each time interval the equivalent circuit is described by
means of the state variable vector x consisting of the magnetising current and the capacitor voltage, Eq.
(2.30). For each time interv'al, we can write the following state equations

X = Aj •X+Bj ■

during c/j •

x = A2 •X + B2 •v,„ during

(2.157)

-T^

(2.158)

x = A3 •X + B3 -v,,,during dyT,

(2.159)

The output voltage is described in terms of the state variable vector only

v„ = C, • X during i/, •

(2.160)

v„ = C2 -x during dj -T^

(2.161)

Vo=Cy\ during dyT,

(2.162)

The state variable equations corresponding to the thi'ee time intervals are averaged over the switching
period, resulting in next equation

X — ^Aj

' d-^

+ A2

2 ^■A3 •t/3j'X + ^Bj

' d

• d^

+ B2 ■6^2 + B3 ■^i?3j'

(2.163)

Averaging the output equations, yields

'o =[Ci •

+C2 ■d2 +C3 •^/3]-x

(2.164)

Small-signal ac perturbations are introduced in the steady-state dc variables using Eqs. (2.41), (2.42) and
(2.44).

Introducing peiturbations on the duty cycle d^ becomes equal to

d-^ —

+ d^
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The duty cycle d is equal to the steady-state dc duty cycle
2

d2 = Dj

(2.166)

The overall addition of all the duty cycles must be equal to one

d^

(2.167)

-f (^2 + (^3 — 1

From last equation the third time interval duty cycle, d^ becomes a function of d^ and d

d-^ = 1 - o'] - c/2 = 1 - A1 - “1
c/, - D

2

(2.168)

The flyback converter operating in the discontinuous conduction mode, the first time interval duty cycle
c/, consists of the steady-state dc term D,, determining the control action and the small-signal ac
perturbation, c/, determined by the physics of the circuit, Eq. (2.165). The second time interval duty
cycle, c/2 consists of the steady-state dc duty cycle D

2

only, Eq. (2.166). The change of D

2

is

determined by the overall c/, variation. Fig. 2.39. The last time interval, c/3, is a combination of c/jand
c/2, Eq.(2.168).

Fig. 2.39 Flyback converter waveforms operating in the discontinuous conduction mode: (a) transistor
PWM signal; (b) transformer primary side current; (c) transformer secondary side current.
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After substituting Eqs. (2.41), (2.42), (2.44), (2.165), (2.166) and (2.168) in Eq. (2.163), we have

X + X — ^ AI ■ (Dj +

^ + a 2 ■ D2 + A 3 ■

~ ^2)]

~

’

+ x)

-D,)l{v„ +v,„)

+ [b, (d, + J,)+B, D, +B3 .(l-D, -rf,

(2.169)

The state matrix A , is defined by

A — A j • Dj + A 2 ■ D2 + A j

^~

~

)

(2.170)

Substituting Eqs. (2.24), (2.25) and (2.154) into last equation, it becomes equal to

D2 RNr Rc

D2 NJ R
{R+ Rc) N2 Lm

N2^ (R + Rc) Lm

A

(2.171)
P2 A7 R
N2 C [R + Rc)

[R + Rc) C

The input matrix B is given by

B = Bi Di +B2 •D2 +B3-(i-Dj -D2)

(2.172)

Using Eqs. (2.26), (2.27) and (2.155), the input matrix is equal to

D

:=

D1
Lm

(2.173)

0

If we collect terms in Eq. (2.169) using Eq. (2.171) and Eq. (2.173) and second order non-linear terms
products of X and

with

d^^

are neglected, we obtain the next simplified equation

X + t = A-X + B-E,„ +A-x + B-v,„ +[(Ai -A3)-X + (Bi -B3)-E,„]-^i

(2.174)

From last equation, the steady-state dc equation can be obtained, noting that X is equal to zero

X = A ■ X + B • F, = 0
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From Eq. (2.174), the small-signal ac equation yields

x = A-x + B-v^„ +[(a, - A3)-X + (Bi -B3)-F,„]-Ji

(2.176)

The small-signal ac perturbations of Eqs. (2.41), (2.42), (2.44), (2.165), (2.166) and (2.168) are applied to
Eq. (2.164), the output equation and we have

V0 +v^0 =

C, -(D

i

+ Jjj + Cj -D, +C3 -(l-E)!

-^1

-D2)]-(X + x)

(2.177)

Grouping terms in last equation

C = Ci D, -t-Cj -D, +C3 '(l-D, -D2)

(2.178)

Using Eqs. (2.28), (2.29) and (2.154), last equation (2.178) becomes equal to

D2/e/^r,V/
;V2(A’+AV)

R
R+Rc

(2.179)

Collecting terms in Eq. (2.177) using Eq. (2.178), and neglecting second order non linear terms, products
of X and c/j, we arrive to the next expression

+v„ =C-X + C-x+[(Ci -C3)-x]-5'i

(2.180)

From Eq. (2.180), the steady-state dc equation is obtained

F. =C-X

(2.181)

And the small-signal ac equation, as well

'»=cx + [(c,-C3)x].J,
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2.3.1.3 Steady-State dc Voltage Conversion Ratio Transfer Function
Using Eq. (2.175) and Eq. (2.181) the steady-state dc voltage transfer function is solved, given by Eq.
(2.65). Substituting Eqs. (2.171), (2.173) and (2.179) in Eq. (2.65), the desired transfer function is
obtained

y, _n2

(r+Rc)
•A

V1

(2.183)

+ Z)2 • 7?)

Last equation is a function of D, and D2, and we need everything referred to the known duty cycle, so
the next step is to express Eq.(2.183) as a function of D,.

The waveforms of the flyback converter operating in the discontinuous conduction mode are shown in
Fig. 2.40

Fig. 2.40 Waveforms of the flyback converter operating in the discontinuous conduction mode: (a)
transformer primary side current; (b) transformer secondary side or diode current: (c)
magnetising inductance voltage.
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The dc component of the current through the diode is equal to the dc component of the output current

(2.184)

From Fig. 2.40b, the peak inductor current,

is equal to the constant slope, multiplied by the length of

the second time interval

(2.185)

If we refer the transformer secondaiy- side inductance L2 to the primary side using the next equality,
where L, =

(2.186)

Using last equation into Eq. (2.185), we obtain the peak diode current referred to the transformer primary
side

(2.187)

The dc component of the diode current from Fig. 2.40b, is given by

1

r

11

= jr

-^2

(2.188)

We substitute Eq. (2.187) into Eq. (2.188), and we obtain the dc component of the current through the
diode

1

F. f

(2.189)
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We substitute Eq. (2.184) into Eq. (2.193), we obtain the next expression

K

1

R

2

K

N
’

\N

'

-Dl-T,

(2.190)

From last equation, D2 is obtained as a non-linear function of the elements of the circuit in the following
equation

N-, 12-Lm
TV, V R-L

(2.191)

Using last equation in Eq. (2.183), it yields

(2.192)

In last equation, the steady-state dc voltage conversion ration for the non-ideal case is presented as a
function of the known duty cycle D,. The dependency of the steady-state dc voltage conversion ratio
transfer function of the equivalent series resistance of the capacitor was justified in section 2.2.1.3.
For the ideal case, where the equivalent series resistance of the capacitor is not modelled, we arrive to the
next result

•D,

V

2

(2.193)

Last equation presents the classical result available in the literature.

2.3.1.4 Small-Signal ac Control to Output Transfer Function
The dynamic small-signal ac control to output transfer function is obtained applying the same process as
in section 2.2.1.4 to Eqs. (2.176) and (2.182), the final result is shown next

= C.[j.I-Ar'.[(A,-A3).X + (B,-B3).K,„] + (C,-C3).X

5", (5)
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Using Eqs. (2.24), (2.26) and (2.28), Eqs. (2.154), (2.155) and (2.156), Eqs. (2.171) and (2.179), and the
duty cycle D2 as a function of Dj from Eq. (2.191), into Eq. (2.194), we arrive to

RcC[r +
N^Tfi^XR +

+ /? + R^^

+ rX)N, + N2T,41Z[r + 7?,))^ + [^N^^R +

^

(2.195)

The non-ideal small-signal ac control to output transfer function of the flyback converter operating in the
discontinuous conduction mode is composed of tw'o poles and one zero as a result of the presence of the
equivalent series resistance of the capacitor, next equation

d^{s)

{s + Sp^)-{s-^Sp^)

(2.196)

The symbolic values of the terms of last equation are shown in Table 2.11

Now we use the \'alues of Table 2.1, and equation (2.195 ) becomes equal to

.2774745394 10

667. .V + .40()000()()0 10
.436772463 10^^

+ . 1 869302862 I0*‘'^s+ .1971138800 10

(2.197)

The natural frequency and the frequency of the zero of the system are shown in the next table

Table 2.10

co„

IMAZKHz

CO.*■2

599.700/C//Z

Natural frequency and frequency of the zero of the small-signal ac control to output
transfer function of Eq. (2.197).
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The small-signal ac control to output transfer function is a non-linear function of the load R, the
, the switching period

magnetising inductance

and the steady-state dc input voltage

.In the

Bode diagram of the next figure, the effects of the right-half plane zero disappears and only the zero due
to the equivalent series resistance of the capacitor is present. This effect is explained in references [10]
and [11], and it is the reason because the flyback converter is, in general, operated in the discontinuous
conduction mode. Beyond the natural frequency g)„ the magnitude falls with a slope of ~40dB / dec and
when the frequency of the zero is reached it changes it to -20dB / dec. The phase response tends toward
-180°, and beyond co

it tends toward - 90°.
Bode Diagrams

Fig. 2.41 Bode diagram of the small-signal ac control to output transfer function of Eq. (2.197).

In ideal case, where the effects of the equivalent series resistance of the capacitor are not modelled, we
arrive to the next expression

1

d,{s)

^

(T,CR)s^ + T,s + 2

(2.198)

The zero due to the equivalent series resistance of the capacitor is not present in the ideal transfer function
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Fig. 2.42 Bode diagram of the small-signal ac control to output transfer function of Eq. (2.198).

Due to the non-presence of parasitic elements, the Bode diagram obeys a classic second order system
response, with the gain falling with a slope of -40dB I dec and a phase tending toward - 180°.

2.3.1.5 Small-Signal ac Line to Output Transfer Function
The process follow in this point is equivalent to section 2.2.1.5 so it will be omitted here, and only final
results are presented. The small-signal ac line to output transfer function is given by Eq. (2.65)

Using Eqs. (2.171), (2.173) and (2.179), and the duty cycle D2 as a function of Dj from Eq. (2.191), into
Eq. (2.191), we arrive to

[r,C[R^ R,)s+ R + R^)
N- ,T,C^„(R + R,fy + (/?,V^V2

+ 7?,)

+ N2T,^[R + R^s + [iN^-Jl^R +

(2.199)
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The non-ideal small-signal ac line to output transfer function of the flyback converter operating in the
discontinuous conduction mode is made up of two poles and one zero as a consequence of the equivalent
series resistance of the capacitor

(s + 5
= K'

,^

)

(2.200)

Tlie symbolic values of the terms of last equation are shown in Table 2.13, in the next page

Now we use the values of Table 2.1 and equation (2.199) becomes equal to

667. .V + .400000000 10'

.4624575656lO'

(2.201)

.436772463

+ .1869302862

+ .1971138800 10

The natural frequency and the frequency of the zero due to the equivalent series resistance of the
capacitor of the system, shown in the next table

21243 KHz
O),
-2

Table 2.12

599J00KHZ

Natural frequency and frequency of the zero of the small-signal ac line to output
transfer function of Eq. (2.201).

The Bode plot of the small-signal ac line to output transfer function is shown next, the transfer function is
non-linear function of the load R , the magnetising inductance

, the switching period T^. and the

steady-state dc duty cycle D,, as shown in Table 2.13. The magnitude starts at a fixed gain given by K ,
and the phase starts at zero degrees at co equals to zero. Beyond the natural frequency co„ the slope falls
with -40dB / dec and the phase tends toward - 180°. When the frequency of the pole introduced by the
equivalent series resistance co,^ is reached, the magnitude changes to -40dB I dec and the phase tends
towards -90°.
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Bode Diagrams

Fig. 2.43 Bode diagram of the small-signal ac line to output transfer function of Eq. (2.201).

In the ideal case, where the effects of the equivalent series resistance of the capacitor are not modelled, so
the zero due to the equivalent series resistance of the capacitor is not present in the ideal small-signal ac
line to output transfer function is given by the next expression

,(i)
(T,CR)s^ + T,s + 2

(2.202)

The Bode plot of the small-signal ac line to output transfer function of the ideal case shows the response
of the system as an ideal second order system, with the magnitude slope falling at -AQdB / dec and the
phase going to -180°, Fig. 2.44
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Bode Diagrams

Fig. 2.44 Bode diagram of the small-signal ac line to output transfer function of Eq. (2.202).
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Chapter Three
Forward Converter
3.1 Introduction
The forward converter is a single switch isolated topology derived from the buck converter; the power
stage circuit is shown in Fig. 3.1. The transformer core is asymmetrically excited, where only the positive
part (quadrant 1) of the B-H loop is used.

To understand the behaviour of the circuit, the transformer of Fig. 3.1 is replaced by an ideal transformer
with an inductance in parallel called the magnetising inductance

Fig. 3.2

as shown in Fig. 3.2.

Forward converter dc equivalent circuit.

The circuit of Fig. 3.2 will be used in the next section to describe the behaviour of the converter during
the different time intervals, which define the two possible modes of conduction.
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3.1.1 Description of the Forward Converter Time Intervals
The analysis of the forward converter is divided in three time intervals for operation in the continuous
conduction mode and in four for the discontinuous conduction mode.

The classic steady-state dc analysis of the forward converter during two time intervals can be found in
references [11] to [15]. The forward converter analysed during three time intervals is presented in
reference [10], and the description of the fourth time interval, added in the discontinuous conduction
mode is not available in the literature, but is presented here.

3.1.1.1

Fomard Converter Time Inter> als in the Continuous Conduction Mode

3.1.1.1.1 Time Internal One
During the first time interval, transistor O, is switched on and the equivalent circuit of Fig. 3.3 is
obtained. Tlie input voltage is applied to the primaiy side of the transformer and the transformer
magnetising current,

(/) increases, as shown in Fig. 3.4a. Due to the voltage reflected through the

demagnetising winding diode D, remains reversed biased. Fig. 3.4d.

The voltage in the secondary side of the transformer is equal to Eq. (3.1), as shown in Fig. 3.4e

(3.1)

This voltage, makes diode D2 to be forward biased, Fig. 3.4f, applying the transformer secondary voltage
to the inductor L, so the inductor current

(t) increases, Fig. 3.4a. Because of the polarity of the

secondary side voltage, diode D3 remains reversed biased. Fig. 3.4g.
A',

D.off

Fig. 3.3 Forward converter equivalent circuit during the first time interval operating in the continuous
conduction mode.
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(«)

(o)

(.b)

■I

(0

(/)

(0

(«)

(J)

Fig. 3.4 Waveforms of the forward converter operating in the continuous conduction mode: (a)
magnetising inductance and inductor current; (b) transformer primary side first winding voltage;
(c) transformer primary side demagnetising winding voltage; (d) diode Dj current;

(e)

transformer secondary side voltage; (f) diode ZPj current; (g) diode Dj current.

3.1.1.1.2 Time Interval Two
The second time interval begins when transistor
Fig. 3.5. The transformer magnetising current

is switched off resulting in the equivalent circuit of
{()

must continue to flow, but diode

prevents the

current from flowing into the polarity mark of the third winding, so it flows into the polarity mark of the
second winding and diode D, becomes forward biased. Fig. 3.4d.

The input voltage

is applied to the second winding. Fig. 3.4c and hence the voltage across the

magnetising inductance is equal to Eq. (3.2) referred to the first winding.

(0

(3.2)

= -
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This negative voltage causes the magnetising current to decrease Fig. 3.4a. The transformer secondary
side voltage is now negative, so diode D2 becomes reversed biased. The inductor current must keep
flowing through diode D3, which is now forward biased, to conduct the decreasing ii{t) ,Fig. 3.4g

p---------

--------------1 TTY ''------- »----

D^off

L•
j

'c ' '
C ——

DyOn

''3

/? <

T 6

Fig. 3.5

Forward converter equivalent circuit during the second time interval operating in the continuous
conduction mode.

3.1.1.1.3 Time Interval Three
The third time interval begins when the magnetising cunent reaches zero and diode Dj becomes reversed
biased. The equivalent circuit is sketched in Fig. 3.6

p---------------

1

----------------------

------- f Y Y Y

>------------- »--------

•

J

’c

-s

'’3

DjO/7

’

C —

—

^

<

T

Fig. 3.6 Forward converter equivalent circuit during the third time interval operating in the continuous
conduction mode.

Transistor Qi and diode D2 remain in off state, and the inductor current keeps decreasing through diode
D3 until hansistor 0^ is switched on again.
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The primary winding voltage v, (t) must have zero average by application of the principle of inductor
volt-second balance to the transformer magnetising inductance, this average is given by

V, i = d, ■

N

+d2- \

•

Fm I

+

(^3 0
•

=

(3.3)

0

If we solve last equation for the duty cycle d , it yields
2

N.
d2 = — • d.

Last equation gives us t/2

a function of

(3.4)

. The overall addition of the three duty cycles must be equal

to one, Eq.(3.5)

d^ + (^2

(3.5)

^3 ~ 1

If we solve Eq. (3,5) for d^, noting that it cannot be negative

t/3 = 1 - u'j - 6/2 ^ 0

(3.6)

And we substitute Eq. (3.4) in last equation we obtain

^

N.
d-, =\- d,------- d\ = 1 ^
A,

’

^2^

1+—

V A,y >0

(3.7)

Erom last equation, solution for <7, then yields

d, <

1
N

(3.8)

2

1 + -—

N,

So the maximum duty cycle is limited, and for the common choice of N-^ = N , the limit becomes equal
2

to

d, < 0.5

(3.9)

If this limit is violated, the transistor off time is insufficient to reset the transformer magnetising current
to zero before the end of the switching period, and transformer saturation could occur.
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3.1.1.2 Forward Converter Time Intervals in the Discontinuous Conduction
Mode
In the description of forward converter operating in the discontinuous conduction mode, a fourth time
interval is added to the three time intervals already described. The only difference of these tree time
intervals respect to the ones described during the continuos conduction mode is that the inductor current
starts at zero at the beginning of the switching period and ramps back to zero at the end of it, Fig. 3.8a.

3.1.1.2.1 Time Interv al Four
During this time interval the equivalent circuit represented in Fig. 3.7 is obtained
D.ojf

D.off

Fig. 3.7 Forward converter equivalent circuit during the fourth time interval operating in the
discontinuous conduction mode.

Transistor O, remains in switched off, diodes D,,

and D3 are reversed biased and both magnetising

and inductor currents are equal to zero for the remainder of the switching period. Fig. 3.8. The output
voltage is supplied by the output capacitor C .

3.1.1.3 Design of the Forw ard Converter
A non-ideal forward converter was designing and the following component values of next table will be
used along this chapter for the different modes of conduction.

K.

30V

C

3.69

K

5V

Rl

lOmQ.

lo

]A

Rc

lOmO.

A-

\00KHz

N,

27

Ts

lOjJs

N2

27

R

5Q{CCM) 55Q(CCM)

L

lOOiiH

11
D,

Table 3.1 Forward converter component values.
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(o)

(*)

(/)

(S)

Fig. 3.8 WavefoiTns of the forward converter operating in the discontinuous conduction mode: (a)
magnetising inductance and inductor current; (b) ti'ansformer primary side first winding voltage;
(c) transformer primary side demagnetising winding voltage; (d) diode Dj current (e)
transformer secondary side voltage; (f) diode
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3.2 Equivalent

Circuit

Modelling

in

the

Continuous

Conduction Mode
In this section, two different methods of modelling the forward converter in the continuous conduction
mode are presented, and the results given by them are compared.

3.2.1 State-Space Averaging Modelling
The forward converter small-signal ac analysis presented in this section, examines the circuit in three time
intervals, where the classic technique referenced in [11] does it only in two. The state-space averaged
model includes the transfomier magnetising inductance

and the losses associated with it, represented

by a resistance in series called 7?^,, Fig. 3.9.
A’,

Fig. 3.9

A,

A,

Model of the transfomier considering the magnetising inductance and the magnetising
inductance losses.

This resistance is present as a part of the transformer primary side model, the reflected value in the
transfomier secondary side is multiplied by a factor smaller than one given by
effects of

therefore the

over the secondaiy side of the transformer are neglected, and it is not depicted in the

equivalent circuit of Fig. 3.10 and in the following figures. This reflected value can be included into the
losses of the inductor Rj and, like it will be shown, they only affect the steady-state dc voltage
conversion ratio transfer function.
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The parasitic elements in the components, namely the copper loss of the inductor, 7?^ and the equivalent
series resistance of the output capacitor

N,

V,

are modelled as well in the equivalent circuit of Fig. 3.10.

V,

^2
>f-

-A/W—onro-

'i(0

Dm
c~
N(0

Fig. 3.10 Forward converter ac equivalent circuit.

3.2.1.1

Description of the Equivalent Circuit State Equations

In the next section, a description of the equivalent circuit state equations during the different time
intervals, and their matrix representation is presented

3.2.1.1.1 Time Interv al One
During this time interval, ti'ansistor g, is on, diode Dj is forward biased and diodes D, and
reversed biased. Fig. 3.11
L

^3

1
1

'„(0

D^on
•

^c<
D,off

'c (')' r

^ <

c z:
y '3(0

Fig. 3.11 Foiward converter ac equivalent circuit during the first time interval.

The voltage in the transformer primary side first winding is equal to

V

in — Vi=0—>Vi=v
’^1
^ ^
in
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The voltage of the transformer primary side demagnetising winding is given by

N,

N,

(3.11)

Vo =-------- V,

And the voltage in the transformer secondary side is equal to

A3

A3

V, =-------- V, =--------- V,

^

A,

'

A,

(3.12)

"

The magnetising inductance voltage loop equation is expressed by

^ in ~

^ L„, ~

^

(3.13)

Isolating the magnetising inductance voltage in the left-hand side of the last equation, it yields

di.

(3.14)

From Eq. (3.14), the magnetising inductance current derivative can be obtained as

(3.15)

In the secondary side of the transformer, the capacitor current loop is analysed first

'■/.

-ic

-'0=0

(3.16)

The current through the capacitor is equal to Eq. (3.17)

dvf

ir = C-

(3.17)

dt

If we substitute Eq. (3.17) into Eq. (3.16), we obtain

dv(-

ir

—

i I — C —> C —;—
dt

=

iT —
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The output current is equal to the capacitor voltage plus the equivalent series resistance voltage divided
by the load R

dvc
.

_ Vq

°

^

R

^Rc

+^c

ig-Rc

^

R

+'^c

^

^

R

C dvc ^ Vq

R

R

' dt

(3.19)

R

Using Eq. (3.19) into Eq. (3.18), we obtain Eq. (3.20)

L-

dvQ _ .
dt
—

:

^

11

(3.20)

“ ■

R

R

dt

Solving Eq. (3.20), the capacitor voltage derivative results in

dv c

R

1

dt

(r + R(^)-C

[R+Rc)-C

(3.21)

Following step is to analyse the inductor voltage loop, Eq. (3.22)

di I
^3 ~ h. ' Rl~ ^

~ ‘c ' Rc

~0

(3.22)

* V^

(3.23)

The current in the capacitor is equal to

<^’c
j

—

R

.

dt

1

•I, —

1=

R + Rc

■

R+Rc

Substituting Eq. (3.12) and Eq. (3.23) in Eq. (3.22), we obtain

N

dir
dt

R- Rr

Rr
R + Rr

^ '^in ~h ’ R[ ~ R —U~'h ~—T7“• Vp

^

^

R^-Rr

^

^

- Vp =0

(3.24)

^

From where we obtain the inductor current derivative

R ■ Rq + R - R j + R• Rq
dt

[r^Rc\l

•Ij -

R
{r + Rc)-L,
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The output voltage equation of the converter is equal to

=^Rr

+'^’c

-^c

(3.26)

Using Eq. (3.23) and Eq. (3.25) in last equation, the output voltage as a function of the inductor current
and capacitor voltage state variables is obtained

R-R c
R + Rr

.

R
------V,

1----------I II +

R+Rr

(3.27)

3.2.1.1.2 Time Interval Two
During the second time interval, transistor Qi is off, diode D2 is reversed biased, and diodes D, and
D3 are forward biased. Fig. 3.12.

R <

Fig. 3.12 Forward converter ac equivalent circuit during the second time interval.

The voltage in the transformer primary side demagnetising winding is equal to

+ ^2 = 0 -> V,2

= -V''in
”

(3.28)

The voltage in the transformer primary side first winding is equal to the voltage in the demagnetising
winding, reflected on the first winding

V, =-------- Vt =------------ V;,

N,

N,
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The voltage in the transformer secondary side is, as in the last case, equal to the voltage in the
demagnetising winding reflected on the secondary side

N.3
N-,
'''3
V, =-------- Vt =------------ V,
3 “ AT
2

(3.30)

N,

The magnetising inductance voltage loop equation is obtained in next expression

(3.31)

Simplifying last equation

di,

(3.32)

K di -v,„

dt

Solving the magnetising inductance current derivative from last equation, it yields

dt

N,

(3.33)

L„

The capacitor voltage derivative remains unchanged, from Eq. (3.21).

dvr

dt

R
(R+Rc)-C

h

-■

[R-^Rc)-C

■ ■VC

(3.34)

The secondary side voltage is equal to Eq. (3.30), because the polarity of Vj diode D2 becomes reversed
biased and the voltage applied to the inductor L is equal to zero. From Eq. (3.25), the inductor cument
derivative is obtained noting that the term corresponding to the input voltage

R • Rq + R • R + R^ • Rq
dt

{r + Rc)-L

R
R + Rc)-!-.

is equal to zero.

(3.35)
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The output equation remains unchanged from Eq. (3.27), as well

RRc

V

.

R

=--------------- Ij +---------------- Vp

R + Rr

R+Rr

(3.36)

3.2.1.1.3 Time Interval Three
During the third time interval, only diode

remains forward biased. Fig. 3.13.

Fig. 3.13 Forward converter ac equivalent circuit during the third time interval.

During the third time inteiv'al the transformer primary and secondary side voltages are equal to zero

V, =V2=V3=0

(3.37)

The magnetising current is zero, so the magnetising inductance current derivative is zero, as well

dij
=0^—^^ = 0
dt

i

(3.38)

The capacitor voltage derivative remains unchanged from the second time interval

dv,

R

dt

[R + Rc)-C

■h

-■

(r + Rc)-C

(3.39)

The inductor current derivative is identical to Eq. (3.35)

dij
dt

R Rq
•

+

R RR[ ' Rq
•

(r + Rc)l

(r + Rc)-L,
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And the output voltage equation is equal to Eq. (3.36)

RR c
R + Rr

■

^
V(^
R+Rr

(3.41)

I tr -I-------------------------I
+------------ V,

If we express the state variables in matrix form, the state matrices are shown in Eqs. (3.42), (3.43) and
(3.44)

R ■ Rq + R - Rj^ + R^ ■ Rq

R

[r + Rc)-L

[r + Rc)-L

R
{r+Rc)-C

(r+r c)-C

A, =

1

0

• Rq

0

R • R ! + R ■^c

R
[r+Rc]\-L

(r + Rc)-L
A, =

R
(r + Rc)-C

1
(«+«c)l-C

0

0

R • Rq + R ' R
{r + Rc)\-L
A, =

(3.42)

■Rq

--

Lrr,

R
{r+Rc)l

R

1

[r + Rc)-C

0

(3.43)

(3.44)

0

The input matrices are given by Eqs. (3.45), (3.46) and (3.47)

^ 1
TV, ‘ L
B, =
0
1

(3.45)

(3.46)

B, =

-90
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(3.47)

83 =

And the output matrices are identical during the three time intervals, as shown in Eq. (3.48)

C,=C2=C3 =

RRr
R + R(^

R
R + R(^

(3.48)

3.2.1.2 State-Space Averaged Model
During each time interval the circuit is described by means of the state variable vector x consisting of the
inductor current i/ , the capacitor voltage V(- and the magnetising current

, Eq, (3.49)

(3.49)

X =

During each time interval, the following state equations are a function of the state variable vector and the
input voltage

X = A1 ■ X + B, • v,„ during <7, •

(3.50)

X = A2 • X + 82 -v,,, during

• 7;

(3.51)

during c/3 -7;

(3.52)

X = A3 •X + B3

The output voltage is described in terms of the state variable vector only

Vp

= Cj ■ X during c/, •

(3.53)

Vq = C 2 • X during c/j • 7^

(3.54)

=C3 -x during c/3 • 7,

(3.55)
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To produce an average description of the circuit over a switching period, the state equations
corresponding to previous three time intervals are averaged over the switching period and simplified

X

—

j ■ cfj + A 2 ' (^2 + A 3 • d-^ j • X +

j

+ B 2 ■ d2

■

B ^ • d-^ j ■

(3.56)

Averaging the output equations over a switching period, it yields

=[Ci-Ji+C2-^f2+C3-^^3]-x

(3.57)

From Eq. (3.4), the duty cycle d2 is a function of <7,

N.
N,

(3.58)

c/2 =------- d^

From Eq. (3.6), the duty cycle c/3 is a function of c/,

N,

.

.

. {^

c/3 = 1 - c/, - c/2 = 1 - c/1 -• c/, = 1 - c/] 'I 1 +

N2

(3.59)

Now, we substitute Eq. (3.58) and Eq. (3.59) into Eq. (3.56), obtaining the next expression

Arc/,+A,-

B J • c/] + B 2

N-,

A',

-c/,+A3-^1

• c/j + B 3 • I 1

d

c/]

/V.
^

• c/j

(3.60)

To obtain the output voltage Eq. (3.58) and (3.59) are substituted into Eq. (3.57), as well

N2

N2
/V.

Ci-^. + C2-^-c/,+C3- l-c/,-^-c/,
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Small-signal ac perturbations are introduced in the steady-state dc variables, Eqs. (2.41) through (2.44)
from section 2.2.1.2

N-,

X+x =

N-,

W,

+ 1 B, .(Z),+?,)+B,

‘

N,

+?,)+B, (l - £),-rf,

•(X + '

■((^„ + v„)

(3.62)

We define a new state matrix A , function of the three state matrices as

N2

N2

(3.63)

Using Eqs. (3.42) through (3.44) into last equation, it yields

RRI+ RRc+ Rl Rc
I. {R + Rc)
.4

:=

R
C(R+Rc)

R
L (R+ Rc)

(3.64)

C(R + Rc)
D1 Rm

Lm

A new input matrix B , function of the three input matrices is defmed by

^2

f

^2

(3.65)

Using Eqs. (3.45) through (3.47) into last equation, we obtain

PI A3

LNJ

B:=

(3.66)
D1

{NJ -N2)
/\7 Lm
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Neglecting second order non-linear terms, products of x and v,„ with

, collecting terms with the help

of Eqs. (3.63) and (3.65) and simplifying we arrive to the following equation

X-i-x = A- X-hB-C,„ + A'X-f-B-v,
^2
Ai-I-A2'

{
—A3-|1-i-

^2

x

J

N,

N,

X ■d^ +

(3.67)

■V..

From Eq. (3.67) the steady-state dc equation can be obtained, noting that X is equal to zero

X = A.X + B-F,=0

(3.68)

From Eq. (3.67) the small-signal ac equation yields

f

X — A ■ X + B • Vjy, +

A'2

^2

(

■d

(3.69)

The small-signal ac perturbations of Eqs. (2.41) tlirough (2.44) from section 2.2.1.2 are applied in Eq.
(3.61), the output equation and we obtain the next equation

F +v =

A,1

1

■(x + x)

(3.70)

A new output matrix C , function of the three output matrices is defined

N,

C = Ci-D,+C2- —■D,+C3- l-D,-^-D

(3.71)

Using Eqs. (3.48) into last equation, it yields

C-

RRc
R + Rc

R
R + Rc

(3.72)

Neglecting second order non-linear terms products of x and d^, collecting term using Eq. (3.71) and
simplifying we arrive to

f
C • X + C • x -I-

^2

^211

c, +C2-Tr-C3- . i + —
Nj)
-94-
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From last equation the steady-state dc output equation is given by

F =C-X

(3.74)

From Eq. (3.73), the small-signal ac output equation is equal to

w = C• X +

^

^2

f

^2^^

X

(3.75)

1/y

3.2.1.3 Steady-State dc Voltage Conversion Ratio Transfer Function
The steady-state dc voltage conversion ratio transfer function is given by Eq. 2.65 in section 2.2.1.3.
Substituting Eqs. (3.64), (3.66) and (3.72), the desired transfer function is obtained

K

N,

R

7/]

R + Rj

D,

(3.76)

For the ideal case, where the losses in the inductor, R, are not considered, we obtain

•A

(3.77)

As it can be seen in Eq. (3.76), the losses in the inductor affect the value of the steady-state dc voltage
conversion ratio transfer function, resulting in a different result that the one expected. This deviation must
be corrected by the feedback loop, increasing the required duty cycle Dj.

3.2.1.4

Small-Signal ac Control to Output Transfer Function

The process to obtain the small-signal ac control to output transfer function is identical to the one
followed in section 2.2.1.4, and the final equation is shown in the next expression

^

diis)

^2

(

^2]]

^

= C-[5-I-a]“‘ •

N,
N

N,

Bi +82^-8, I 1 + ^

N2
f N.
C. + C2-^-C3-ll-f^
N

N
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Using Eqs. (3.42) trough (3.48), into Eq. (3.78), we obtain the non-ideal small-signal ac control to output
transfer function

5*i(^)

((fic-C)s+l)
NyR-V,,
A^i
[r-L-C+ R^-L-c)s^ +[r-R^^-C+ R-R^-C +

R^-C+ l)s+ R + R^

(3.79)

The non-ideal small-signal ac control to output transfer function of the forward converter operating in the
continuous conduction mode is composed of tw'o poles and one zero due to the equivalent series
resistance of the capacitor, Eq. (3.80)

d^{s)

{s + Sp^)-{s + Sp^)

(3.80)

Tlie symbolic values of the terms of last equation are shown in Table 3.2

NyR-V,„
R^
N,
LiR+Rc)

K

s.

Rc-C
I (( - Re ~ R!) R -■ Rl Rc) C - L + ^ ((Rc f Rl) R \ RlRc) C*' + (-2 R! RcR(-2 Rc-~ 2 Rl--A R)) 1. C + L
L C (R+ Rc)
'J ({Rc-

1 ((^Rc -RljR- Rl Rc) C - L - V ({Rc + Rl) R + Rl Rc)^ C" + (-2 RlRc+ R(-2 Rc-2 Rl- 4 R)) L C+ I?
P2

L C (R + Rc)

Table 3.2 Symbolic solution of the temis of the small-signal ac control to output transfer function of Eq.
(3.80).
Now we use the designed forward converter component values of Table 3.1 and Eq. (3.79) becomes equal
to

550

.738 10

1

.18523800 10'^s-" + .000100739476i’ + 5.02

(3.81)

The natural frequency and the frequency of the zero of the system are shown in Table 3.3

(D„

52.098A7/Z

0),

1.3 5 5 M//z

Table 3.3 Natural frequency and frequency of the zero of the small-signal ac control to output transfer
function of Eq. (3.81).
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In the next figure, the Bode plot of the circuit follows a typical second order response. The magnitude
diagram response starts in a minimum value due to the gain K, function of the steady-state dc input
voltage

, and the phase diagram response starts at zero degrees at co equals to zero. At the natural

frequency co„ the resonant peak is flat, this corresponds with the value of the damping ratio ^ = 0.5205 .
Beyond a)„ the gain begins to fall with a slope of -40dB I decmd the phase tends towards -180°. At
frequencies beyond the frequency of the zero introduced by the equivalent series resistance of the
capacitor

, the magnitude falls with a slope of -20dB! dec and the phase angle is boosted towards

-90° .

Bode Diagrams

Fig. 3.14 Bode diagram of the small-signal ac control to output transfer function of Eq. (3.81).

In the case that the losses in the inductor are not modelled, so Ri is equal to zero, Eq. (3.79) becomes
simplified in the next expression

f,(.) _NyR-V,,

dj(s)

N,

(R-L-C+Rc-1^-C)s^ +(R-Rc-C+ L)s+R

(3.82)

The Bode of the small-signal ac control to output transfer function for the case that the losses in the
inductor are not modelled, is represented in the following figure.
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Bode Diagrams

Fig. 3.15 Bode diagram of the small-signal ac control to output transfer function of Eq. (3.82).

The resonant frequency fo„ is slightly different than in the non-ideal case, but the rest of the response of
the magnitude and the phase is exactly the same as in the non-ideal case. It can be concluded that the
losses in the inductor have non-influence over the dynamics of the forward converter, and they can be
neglected.

In the ideal case, when the losses in the inductor, Rj and the equivalent series resistance of the capacitor,
R(j are not included in the model, so they are equal to zero, the transfer function of Eq. (3.79) becomes
equal to

v^(s) _NyR-V„

d\{s)

1

' R-L-C)s^ + Ls+ R

(3.83)

The natural frequency of the ideal system is almost equal to the one in the non-ideal transfer function, this
is an indication of the small effects of the parasitic elements over the denominator of the transfer function,
in other words over the poles of the system. The Bode diagram of the small-signal ac control to output
transfer function for the ideal case is plotted in the following figure, and because of the absence of the
zero, beyond the natural frequency a)„ the magnitude falls with a slope of -AQdB / dec and the phase
tends towards -180°, for the rest of the frequency spectrum.
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Fig. 3.16 Bode diagram of the small-signal ac control to output transfer function of Eq. (3.83).

3.2.1.5 Small-Signal ac Line to Output Transfer Function
Substituting Eqs. (3.64), (3.66) and (3.72), in Eq. 2.87 from section 2.2.1.5, the solution of the non-ideal
small-signal ac line to output transfer function of the forward converter operating in the continuous
conduction mode is reached

%is) _ NyD,-R
,{s)
77]
(R-L-C+

L-C)s^ +[R-R^-C+ R-R^-C+ Rj^-Rc-C+ L)s+ R +

(3.84)

Equation (3.84) is expressed in standard form, the non-ideal small-signal ac control to output transfer
function is composed of two poles and one zero due to the equivalent series resistance of the capacitor

^___ C^^z, )
v;„(.y)

(5 + 5 )-(5-f5 )
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The symbolic value of the terms of last equation are shown in next table

NyD,-R
N,

K

Rc
L-(R*Rc)
1

Rc-C
1 {(Rc-i- RI) R + RlRc)^ C~ + {-2RlRc+R (-2 Rc-2 Rl-4 R)) L C +
1 ({—Rc—Rl)R~RlRc)C-L + '\
2
L C (R + Rc)
1 {{Rc+Rl)R+RlRc)^ C“ + (-2 RIRc+R (-2 Rc- 2 Rl-4 /?)) L C +
1 (X-Rc- Rl) R - RlRc) C-L-^
2
LC(R^Rc)

Table 3.4 Symbolic solution of the terms of the small-signal ac line to output transfer function of Eq.
(3.85).
Now we use the component values of Table 3.1 and equation (3.84) becomes equal to

.738 10'^.S’ + 1
.9333333337

.18523800 10'^ i " + .0001007394765 + 5.02

(3.86)

The natural frequency and the frequency of the zero of the system are shown in Table 3.5

52.051KHZ
^1

U55MHZ

Table 3.5 Natural frequency and frequency of the zero of small-signal ac line to output transfer function of
Eq (3.86).

The Bode diagram of the small-signal ac line to output transfer function for the non-ideal case is plotted
in Fig. 3.17. ITie magnitude response starts at a fixed gain K , function of the steady-state dc duty cycle
D;, and the phase response starts at zero degrees for ca equals to zero. Beyond the natural frequency a)„
the slope fall with -AOdB! dec and the phase tends toward -180°. At frequencies beyond the zero
the magnitude fall with -20dB / dec and the phase tends towards -90°.
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Fig. 3.17 Bode diagram of the small-signal ac line to output transfer function of Eq. (3.86).

When the losses in the inductor are not modelled, so Rj is equal to zero, equation (3.84) is equal to

v„(5) _NyD,-R
v;„(5)

7/,

{(Rc ■

+ 0_____________

(R-L-C+Rc-L-C)s'^ +(R-Rc-C+ L)s+ R

(3.87)

As in the small-signal ac control to output transfer function, the losses in the inductor have non-relevant
effect over the small-signal ac line to output transfer function of the forward converter. Fig. 3.18.

In the ideal case, where the losses in the inductor and the equivalent series resistance of the capacitor are
not modelled, we arrive to the next equation

V^(S) _ NyDyR
1
v;.„(^)
(R-L-C)s^ + Ls+ R

The Bode plot of the ideal transfer function is shown in Fig. 3.19
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Fig. 3.18 Bode diagram of the small-signal ac line to output transfer function of Eq. (3.87).

Again, the system behaves as a pure second order system, and beyond the natural frequency

, the

magnitude falls with a slope of -40dD / dec and the phase tends toward -180°. The natural frequency is
not affected much, confirming our foregoing statement regarding the small effect of the parasitic elements
over the poles of the system.
Bode Diagrams

Fig. 3.19 Bode diagram of the small-signal ac line to output transfer function of Eq. (3.88).
-
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3.2.2 Averaging Modelling
Using this technique, it is assumed that the magnetising current does not affect the dynamics of the
circuit, so the magnetising inductance

, the losses associated with it 7?^ , and the primary side

demagnetising winding, are not modelled. The forv\'ard converter is described during two time intervals.
The equivalent circuit of Fig. 3.10 reduces to the circuit of Fig. 3.20, and for a matter of consistency with
the state-space model, the transfomier secondary side turn ratio is continued to be named
secondary side diodes will keep their names as

Dj

and

and the

N-^

.

This technique was not found in the literature applied to the forward converter with parasitic elements,
but is presented in this thesis.

N,

h(')

A’,

'„(0

v,(0

R

<

Fig. 3.20 Forward converter ac equivalent circuit.

3.2.2.1

Description of the Equivalent Circuit Equations

3.2.2.1.1 Time Interv al One
During the first time interval transistor

is switched on, diode

2

D

is forward biased and diode D3 is

reversed biased. Fig. 3.21
A,

A,

-Wv—nnnr^
V,(0

D ojf

'U')

'c(0

cn

Fig. 3.21 Forward converter ac equivalent circuit during the first time interval.
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The input current of the converter is equal to

^2

(3.89)

The inductor voltage loop equation is given by

-i^/.(0-Vo(0 = o

(3.90)

And the transformer secondary voltage is equal to

^3(0 = —•V,>,(/)

(3.91)

Substituting Eq. (3.91) into Eq. (3.90) the inductor voltage is obtained

v’/.(0

= ^

dt

-^o(0

~ N,

(3.92)

The capacitor current loop equation is equal to

c.(0-'c(0-c(0 = o

(3.93)

And the output current is equal to

C(0 =

(3.94)

R

Substituting last equation into Eq. (3.94), we obtain the capacitor current

'c(0 = c.(0-c(0 = c.(0Using the small ripple approximation, we replace

Vo(0

, v^(t) and

(3.95)

in Eqs. (3.89), (3.92) and (3.95)

with their averaged values, the input current is equal to

N-.
o«(0 =^-^3^i(0-VL(0/y.
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The inductor voltage yields

didt) N,

(3.97)

dt

And the capacitor current is equal to

/c(0 = C

^c(0
dt

hi<)L Ts

(3.98)
R

3.2.2.1.2 Time Interval Two
During the second time interval transistor Q, is switched off, diode Dj becomes reversed biased and
diode Dj becomes forward biased, Fig. 3.22.

1- - - - - - - - - - -

D^off - - - - - - - - - - - - - - - - YW- - - - - -

'DO

T T T 1- - - - - - - W- - - -

J •

rA

"■

''3(0

.

-

D^on

'c 0)' r

^ <

cir

y '3(0

Fig. 3.22 Forward converter ac equivalent circuit during the second time interval.

The input current of the converter is equal to zero

h.(0=0

(3.99)

The inductor voltage is the similar to Eq. (3.92), but because the transistor

is off, the input voltage is

not reflected into the secondary

dii

(0

vdt)-L-^- = -idt)-RL-^dt)
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The capacitor current is the same as in Eq. (3.95)

(3.101)

'c(0 = ^l(0-c(0 = /l(0-

R

Again, using the small ripple approximation, we replace /,„(0j v^(?)and

in Eqs. (3.99), (3.100)

and (3.101) with their averaged values, the input current is given by

iin

(0 = 0

(3.102)

The inductor voltage is equal to

(0 = L

dij (0

(3.103)

dt

And the capacitor current is shown next

dvriO /
\
\
^c(0 = c-V-« /,(0L L
dt

3.2.2.2

’o(O).
'I T,
R

(3.104)

Averaging of the Equations

The following step is to average the equations over the switching period, for this purpose the forward
converter inductor voltage waveform is plotted in Fig. 3.23

Fig. 3.23 Forward converter inductor voltage.

If we average the inductor voltage during the two time intervals, given by Eqs (3.97) and (3.103)

(v,(/))^^ = ^.(o{-^-(v,„(r)),^ -(c(0),^

-(v„(/))^j +^2(o{-(c(0)^^
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Letting <3'2(0

a function of d^{t)

(3.106)

Substituting Eq. (3.106) in Eq. (3.105) and simplifying, we have

=

-Cw),.

-(v„W

(3.107)

Fig. 3.24 Forward converter capacitor current.
As in the inductor, the capacitor current waveform is averaged during the two time intervals of Fig. 3.24,
given by Eqs. (3.98) and (3.104) and simplifying of Eq. (3.106), we obtain the next expression

c--- dt;—- = {ii(l))
\ ^

; ------R

(3.108)

t

If we average the input cuiTent during the two time intervals of Fig. 3.25, given by Eqs. (3.96) and (3.102)

(3.109)

Fig. 3.25 Forward converter input cuixent.
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To construct a small-signal ac model the method described in section 2.2.2.2 is applied, second order ac
{t) are neglected and simplifying, the inductor voltage is given by

terms products of v,„ (/) and

dt

v.„ -h'Ki- k]

f

+

dt

'’r %(') + ^ ■

■

v„(0 - k(i)

■

- v„(0

(3.110)

The steady-state dc terms are equal to zero by definition of the average inductor current

(3.111)

The small-signal ac teims are equal to the small-signal ac inductor voltage

dt

‘--Dr

N

v„(0 + N

v,„(0-4(0•

-4(0

(3.112)

The capacitor current is equal to

dt

(3.113)

dt

From last equation, the steady-state dc ternis are equal to zero by definition of the average capacitor
voltage

0=1

(3.114)

—^

R

From Eq. (3.113), the small-signal ac terms are equal to the small-signal ac capacitor current

dvpit) Vn(0
C—^ = ir{t)—^
dt

(3.115)

R

The input voltage is shown next

N

'(a 'h. + A

+

-
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Forward Converter

Discontinuous Conduction Mode

The steady-state dc tenn is equal to the dc-input voltage

(3.117)

The small-signal ac terms are equal to the small-signal ac input current

hn(0 ~

3.2.2.3

(0+^

(3.118)

Steady-State dc Equivalent Circuit

To construct the dc steady-state equivalent circuit of Eqs. (3.111), (3.114) and (3.117), it is shown in Fig.
3.26.

Fig. 3.26 Forward converter steady-state dc equivalent circuit.

The dependent current and voltage sources can be combined into a dc transformer with turns ratio equal
AC
to 1:----- D,, shown in Fig. 3.27.

A^,

'

^

Fig. 3.27 Forward converter steady-state dc equivalent circuit, including a dc transformer.
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We refer the input voltage to the transformer secondary side, and we arrive to the circuit of Fig. 3.28.

Hi
A'.

Fig. 3.28 Simplification of the steady-state dc equivalent circuit of Fig. Fig. 3.27.

3.2.2.3.1 Steady-State dc Voltage Conversion Ratio Transfer Function
From Fig. 3.28, we obtain the steady state dc voltage conversion ratio transfer function

F,.

AC

R

N,

R + R,

■D,

(3.119)

In the ideal case, when the losses in the inductor are not considered, so R; is equal to zero, next
expression is obtained

(3.120)

V,. " TV, ■

The last two expressions are equivalent to Eqs. (3.76) and (3.77), so the results obtained with the
averaging modelling technique are equivalent to the ones obtained with the state-space averaging
technique.

3.2.2.4 Small-Signal ac Equivalent Circuit
Once we have the steady-state dc voltage solved, next is to obtain the small-signal ac equivalent circuit,
by using Eqs. (3.112), (3.115) and (3.118), the circuit of Fig. 3.29 is constructed, considering the
equivalent series resistance of the capacitor

^(0

Fig. 3.29 Forward converter small-signal ac equivalent circuit.
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The dependent current and voltage sources can be combined into an ac transformer with turns ratio
relation equal to

, Fig. 3.30

« < ^(/)

Fig. 3.30 Forward converter small-signal ac equivalent circuit, including an ac transformer.

The primary side voltage and current source are reflected in the transformer secondary side and the last
figure simplifies to the next one

X < %(')

Fig. 3.31 Simplification of the small-signal ac equivalent circuit of Fig. 3.30.

The Laplace transfomi is applied to the circuit of Fig. 3.31 to obtain next equivalent circuit

Fig. 3.32 Small-signal ac equivalent circuit, after applying the Laplace transform on the circuit of Fig.
3.31.
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3.2.2.4.1 Small-Signal ac Control to Output Transfer Function
The small-signal ac output to control transfer function is obtained by letting the perturbation of the input
voltage v,„(5) equal to zero on the small-signal ac equivalent circuit of Fig. 3.32

— Rj

+

Ls

Zi - Rc + Cs
^

(3.121)

(3.122)

Grouping terms under impedances, Eqs. (3.121) and (3.122) the next simplified circuit is obtained

Fig. 3.34 Small-signal ac control to output equivalent circuit, final simplification.

If we solve

(5) from Fig. 3.34, we arrive to the following result

^2

(3.123)
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The output to control transfer function is obtained from last equation

Z2

(s)

^

-2'] + Z2

(3.124)

1

Introducing the Eqs. 2.133 and 2.134 in Eq. (3.124), the non-ideal small-signal ac control to output
transfer function of the fort\'ard converter operating in the continuous conduction mode is obtained

v,(s) _ NyR-V,
di(s)

((^■c).+i)
(R-L-C+ Rc-L-C)s^ +(R-R^-C+ R-Rc-C+ R^-Rc-C+ L)s+ R +

(3.125)

Last equation is exactly the same to Eq. (3.79), so the response of the system is shown in the Bode
diagram of Fig. 3.14. The case where the losses in the inductor are not modelled is not considered in this
teclinique, it was demonstrated before that it has non-relevant effect over the dynamics of the circuit.

In the ideal case, where the losses in the mductor and the equivalent series resistance of the capacitor are
not modelled, so Rj and R(^ are equal to zero, Eq. (3.125) transforms into next equation

V^(S)

NyR-V,,

d^{s)

'R-L'C)s^

Ls + R

(3.126)

The transfer function shown in last equation is the same as Eq. (3.83), the response of the system is
shown in the Bode diagram of Fig. 3.16

Using the averaging modelling approach, it has been demonstrated than the magnetising inductance and
the parasitic elements associated with it have non-relevant effect over the dynamics of the circuit.

3.2.2.4.2 Small-Signal ac Line to Output Transfer Function
The small-signal ac line to control transfer function is obtained by letting the perturbation of the duty
cycle d^(s) equal to zero on the small-signal ac equivalent circuit of Fig. 3.32.

-
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We use Eqs. (3.121) and (3.122) to simplify the circuit

■

Fig. 3.35 Small-signal ac line to output simplified equivalent circuit.

Simplifying the circuit of last figure, we have

^ V (s)

Fig. 3.36 Small-signal ac line to output equivalent circuit, final simplification.

If we solve Vg(5) from Fig. 3.36, we arrive to

Z.
Vo (‘5) =

iV.
(3.127)

-Vinis)

Z, + Z2

The line to output small-signal ac transfer function is obtained from last equation

Vo(^) ^

v,„(s)

^2

^3

^

Z,+Z2 TV]

(3.128)

’

Introducing Eqs. 2.133 and 2.134 in Eq. (3.128), we obtain

((flc-C>+l)

NyR-D,

V (s)

A^i

{R-L-C+Rc-L-C)s^ +(R-RyC+R-Rc-C+ Ri^-Rc-C+ L)s+R + Rj

(3.129)

The transfer function of last equation is equivalent to Eq. (3.84) and the response of the system is tlie
same as the Bode diagram of Fig. 3.17. As before, the case where only the losses of the inductor are not
modelled, is not considered.
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And for the ideal case, where the losses in the inductor and the equivalent series resistance of the
capacitor are not modelled, so Ri and Rq are equal to zero, we obtain the next equation

v,{s)
v^nis)

NyR-D,
A^i
[R-L-C)s^ + Ls+R

(3.130)

Last equation is the same as Eq. (3.88) with the system response shown in the Bode diagram of Fig. 3.19.
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3.3 Equivalent Circuit Modelling in the Discontinuous
Conduction Mode
In this section, only the averaged switch model will be used to develop a mathematical model of the
forward converter operating in the discontinuous conduction mode.

3.3.1 Averaged Switch Model
For the analysis of the discontinuous conduction mode, we will assume that the transformer has little or
non-effect over the dynamics of the circuit. The transformer is modelled as the turns ratio relation
between the primary and the secondary side, so the voltage applied to the input port of the equivalent

N.

circuit of Fig. 3.37 is equal to----- . The transformer magnetising inductance
associated with it

,

L^,

the losses

and the transfonner primary side demagnetising winding, are not considered in the

model. This technique can be found in reference [10] applied to non-isolated power converters.

Due to the simplifications assumed previously, the forward converter of Fig. 3.2 is simplified to the
circuit of Fig. 3.37.

3.3.1.1 Description of the Equivalent Circuit Model Time Intervals
3.3.1.1.1 Time Interv al One
During this time interval, while transistor

conducts and diode Dj remains reversed biased Fig. 3.38,

and the inductor current increases with the slope shown in Fig. 3.41a.

R < ''oO)

Fig. 3.38 Forward converter equivalent circuit during the first time interval.
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At the end of this time interval, the inductor current //(0 reaches the peak value given by

-dx-L

^ pk

(3.131)

3.3.1.1.2 Time Interval Two
During the second time interval transistor

is switched off and diode Dj becomes forward biased, Fig.

3.39. The inductor current decreases with the slope shown in Fig. 3.41a.

Fig. 3.39 Forward converter equivalent circuit during the second time interval.

3.3.1.1.3 Time Interv al Three
The second time interval ends when the inductor current reaches zero value, then diode Dj becomes
reverse biased and transistor

Q-^

remains off. Fig. 3.40. During the third time interval, the inductor

current remains at zero for the balance of the switching period.
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33.1.2 Averaging of the Equations
Tlie averaged inductor voltage

(/))^ is found by averaging the inductor voltage waveform of Fig.

3.41b.

+d,it)-0 = 0

(3.132)

From last equation the second time interval duty cycle, d2 is equal to

d2{t) = d^{t)

(3.133)

d^{t)

-----------7-—T-----------------------

The averaged switch network input voltage

, or the averaged transistor voltage, is found by

averaging the wavefomi of Fig. 3.4Id.

(')),. =‘^i(')'0 + <i3(n|^'(v,„(/))^J+cr3(/)|^.(v,„{o),.

-{'’oi<))r,^

(3.134)

The third time interval duty cycle d^, is a function of c/, and

t/jfO = \ - d^{t)-d2{t)

(3.135)

Using last equation into Eq. (3.134), we obtain

Vl (o)

= (l - ^1 (o) •

• (v,„ (o)

- (vo (o) 7-j + ^2 (0 • (vo (0
(3.136)

Simplifying last equation by the use of Eq. (3.133), it yields

(3.137)
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Similar analysis leads to the following expression for the averaged switch network output voltage
('^2

(O) j 5 or tho averaged diode voltage

(0/j. +^2(0-0+£y3(0-\Vo(/)/^

(3.138)

Using Eq.(3.135) into last equation, it yields

^2(0)7.

N

+(l-(fi(/))-(vJ/))^ -d^iOiv^it))^

(3.139)

Simplifying last expression using Eq. (3.133), we obtain the averaged diode voltage as a function of the
output voltage (v^(/))^

(V2(0)y.

=(vo(0)y.

(3.140)

The averaged switch network input cument (/,(/))^, is found by integrating the input current /](0
waveform of Fig. 3.41c over one switching period

(3.141)

Tlie integral

is equal to the area under the /,(/) waveform during the first time interval. The area is

easily evaluated using the triangle area formula
t+i\
=

\i\{t)dt =

2-d\-T, -ipi^

(3.142)

Substitution of Eq. (3.131) into last equation and the result obtained into Eq. (3.141) allow us to express
(O) . as a function of (vj (0)^

AW), =^%T.(v,w),

119-

(3.143)

Forward Converter

Discontinuous Conduction Mode

Fig. 3.41 Waveforms of the forward converter operating in the discontinuous conduction mode: (a)
inductor current; (b) inductor voltage; (c) switch network input current; (d) switch network input
voltage; (e) switch network output current; (f) switch network output voltage.
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The average diode current

{t))^ is found in a similar manner from Fig. 3.41e, and it is equal to

{hi‘))r =

dh‘)-L

2-i

<v,(0),.

(3.144)

We define the effective resistance Rg{d^) as

(3.145)

“1 ■

If we use last expression into Eq. (3.141), we obtain the average input current as a function of the average
resistance

^’i(0

h (0

(3.146)

Reid.)

Substituting Eq. (3.145), into Eq. (3.144) and simplifying, it yields

Vl(0

(3.147)

p(o),. =(-.(0),.

The averaged power {p(t))j, is independent of the load characteristics, and is determined solely by tlie
effective resistance R^id^) and the applied switch network input terminal voltage or current. The
instantaneous power apparently consumed by R^id^) is transferred to the output port, and the output port
behaves as a dependent power source. Fig. 3.42

('2(0)5

{pd))'
('’1(0)5

('’2(0)5

Fig. 3.42 Averaged the discontinuous conduction mode model.
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3.3.1.3 Steady-State de Equivalent Circuit
The converter equivalent of Fig. 3.43 is obtained if the averaged the discontinuous conduction mode
model of Fig. 3.42 replaces the switch network

Fig. 3.43 Forward converter equivalent circuit with the averaged the discontinuous conduction mode
model inserted.

3.3.1.3.1 Steady-State dc Voltage Conversion Ratio Transfer Function
The steady-state dc voltage conversion ratio transfer function is then obtained from last figure as

(3.148)

Substituting the effective resistance 7?^ given by Eq. (3.145), in last equation, we obtain

11 = ^
1+

1+

:-L

(3.149)

R-T,-df

The steady-state dc voltage conversion ratio transfer function is not a linear function of the duty cycle as
in the continuous conduction mode, but a non-linear function of the inductor L, the load R , the period
and the duty cycle

.
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33.1.4 Small-Signal ac Modelling of the Discontinuous Conduction Mode Switch
Network
In reference [10] a full description of how to derive the small-signal ac model of the discontinuous
conduction mode switch network can be found, and only final results will be shown here.

The final ideal small-signal ac equivalent circuit model is represented in next figure

1
---------------------------

D

+

------------ »-------------

► ^2

.,<0

_

nmo

------------ i

V,(()

—,

cr

-

Fig. 3.44 Small-signal ac equivalent circuit model of the forward converter.

The values of the parameters of the small-signal ac model of Fig. 3.44, are reproduced in the following
table.

Table 3.6 Small-signal ac parameters of the equivalent circuit model of Fig. 3.44.

The next step is to introduce the parasitic effect in the output capacitor due to the equivalent series
resistance, and to neglect the inductor due to the low effect over the dynamics of the circuit [10], Fig. 3.45

R

Fig. 3.45 Small-signal ac model of the foiw'ard converter.
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If we apply the Laplace transform to the circuit of Fig. 3.45, we obtain

v, .
R < i (^)

Fig. 3.46 Small-signal ac model of the forward converter after application of the Laplace ti'ansform.

3.3.1.4.1 Small-Signal ac Control to Output Transfer Function
To obtain the small-signal control to output transfer function, we must equal the perturbation of the input
voltage

(5)

to zero, and the circuit of Fig. 3.46 reduces to the next figure

J2

Fig. 3.47 Small-signal ac control to output simplified equivalent circuit.

For simplicity, we can group components under the denomination of Zj and Zy

(3.150)

Z,

Z7- -

/'2

Z,

(3.151)
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If we simplify the circuit of Fig. 3.47 with the help of Eqs. (3.150) and (3.151), we obtain

T ■>. V (5)

Fig. 3.48 Small-signal ac control to output simplified equivalent circuit, final simplification.

If obtain the output voltage,

(5) from last figure, it yields

v,{s) = j,-d,{s)-Zj

(3.152)

The small-signal ac control to output transfer function, is equal to

dxis)

(3.153)

- Jl ‘

Using Eqs. (3.150) and (3.151) into Eq. (3.153), the small-signal ac control to output transfer function is
obtained

fj5)
<^1 (‘5’)

''2 •72
[r ■ R(^ ■ C + r2 ■ Rc ■ C + r2 ■ R ■ c)^ + r2 + R

(3.154)

Using the values of Table 3.6 in Eq.(3.154), it yields

v'„W

lVyR-D,-T,
+ 2V;l)r + 2V^LR,)Cs + {2V^ L + RV^„dIt)

d^{s)

(3.155)

Last equation is expressed into standard form in next equation in Eq. (3.156). The non-ideal small-signal
ac control to output transfer function of the forward converter operating in the discontinuous conduction
mode is composed of one pole due to the capacitor and one zero because of the presence of the equivalent
series resistance of the capacitor

^1(5)

{s + s )

-
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The symbolic values of the terms of last equation are shown in Table 3.7

Table 3.7 Symbolic solution of the terms of the small-signal ac control to output transfer function of
Eq.(3.156).

Now we use the values of Table 3.1, equation (3.155) becomes

.7380 10‘^.v+ 1.

(3.157)

.4549187500. 1022785235 IO'^ .^ + . 1088785270

The frequency of the pole and the frequency of the zero of the system are shown in the following table

106 A52 KHz

"a

1355 MHz
Table 3.8 Frequency of the pole and frequency of the zero of the small-signal ac control to output transfer
function of Eq. (3.157).

The Bode diagram small-signal ac control to output transfer function is a non-linear function of the
steady-state dc magnitudes of the input voltage

, the output voltage

and the duty cycle Dj. The

response of the circuit follows a first order system response, due to the non-presence of the inductor in the
model. The magnitude starts at a fixed point given by the value of K , and the phase starts at zero degrees
at CO equals to zero. Beyond the frequency of the pole co^^ the magnitude falls with a slope of
-20dB / dec and the gain tends toward - 90°, beyond of the frequency of the zero introduced by the
equivalent series resistance of the capacitor co^^ , the magnitude reaches OdB / dec and the phase is
boosted back to 0°, Fig. 3.49
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Bode Diagrams

Fig. 3.49 Bode diagram of the small-signal ac control to output transfer function of Eq. (3.157).

In the ideal case, when the equivalent series resistance of the capacitor is not modelled, equation (3.155)
becomes equal to

Us) _2-V,-R-D,-T,
'
d\{s)
A^i

(K-y.„)-{N,-V,-NyV„)
■ L- R-c)s + (2-V^ ■ L+ R-V^y

- T,)

(3.158)

The Bode diagram of Fig. 3.50 show a typical first order system response, because the zero introduced by
the equivalent series resistance of the capacitor is not present. Beyond the frequency of the pole the
magnitude fall with a slope of -2QdB! dec and the phase tends towards -90°, for the rest of the
frequency spectrum.
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Fig. 3.50 Bode diagram of the small-signal ac conti'ol to output transfer function of Eq. (3.158).

3.3.1.4.2 Small-Signal ac Line to Output Transfer Function
To obtain the small-signal ac line to output transfer function, the perturbation of the duty cycle
made equal to zero, and the circuit of Fig. 3.46 reduces to the following figure
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The input current source is a function of the input voltage of the switch network v, (s), it can be deduced
from the circuit of Fig. 3.46, and is equal to Eq. (3.159)

(3.159)

If we substitute last equation into the input current source of Fig. 3.51, it becomes a function of the input
voltage and the transformer turns ratio relation. The circuit of Fig. 3.51 transforms into the circuit of next
figure

■ ^^2 •

Fig. 3.52 Small-signal ac line to output simplified equivalent circuit with the inclusion of Eq. (3.159)

Simplifying the circuit of last figure, using Eqs. (3.150) and (3.151), we obtain

^3

T

V (s)

Fig. 3.53 Small-signal ac line to output simplified equivalent circuit, final simplification.

If obtain the output voltage,

(5) from last figure, it yields

(3.160)

The small-signal ac line to output transfer function, is equal to

Vo(-i’)

^3

(-y)

^1

§2 '^1
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Using Eqs. (3.150) and (3.151) into Eq. (3.161) the small-signal ac line to output transfer function of the
forward converter operating m the discontinuous conduction mode is equal to

Vo (‘^)

'2 ’

h

■

■

[{^c

■

(^R- Rq - C + r2 ■ Rc - C + r2 • R-c)^ + r2 + R

(3.162)

Using the values of Table 3.6 in Eq. (3.162), it yields

V,(^) ^ NyV„-R-DlT,

((Rc ■c)j+

l)(2.F,„ - P;)

[KVId}T, + 2V^l)r + 2V}LRACs + (2V^L + RvId^T^

(3.163)

Last equation can be expressed into standard form in next equation, the non-ideal small-signal ac line to
output transfer function of the forward converter operating in the discontinuous conduction mode is
composed of one pole due to the capacitor and one zero caused by the equivalent series resistance of the
capacitor

v„Xs)

(3.164)

+

The symbolic values of the terms of last equation are shown in next table

Table 3.9 Symbolic solution of the terms of the small-signal ac line to output transfer function of
Eq.(3.156).

Using the values of Table 3.1, equation (3.155) becomes equal to

.7380 10'”^^+ 1.
.01293138041

(3.165)
.1022785235 10

,s’+ . 1088785270
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The frequency of the pole and the frequency of the zero of the system are shown in Table 3.10

106.452 KHz

"p,

U55MHZ

•^1
Table 3.10

Frequency of the pole and frequency of the zero of the small-signal ac line to output
transfer function of Eq. (3.157).

The Bode plot of the transfer function of equation (3.165) is shown in next figure. As in the control to
output transfer function, the small-signal ac line to output transfer function is a non-linear function of the
steady-state dc magnitudes of the input voltage

, the output voltage

and the duty cycle Dj, as

well. Beyond the frequency of the pole the magnitude falls with a slope of -20dB I dec and the phase
goes to - 90°. When the frequency of the zero is reached the slope of the magnitude flattens to OdB , and
the phase is boosted to 0°.

Bode Diagrams

Fig. 3.54 Bode diagram of the line to output small-signal ac line to output transfer function of Eq. (3.157).
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For the ideal case, when the series resistance of the capacitor is not modelled, (3.163) becomes equal to

(Js)

NyV^-R-D^-T, _____________ i2-K„-K}

-V,

'

■ L-R-c)s + (2-V,^ ■ L + R-V,i-Df -T,)

(3.166)

The Bode plot of the ideal small-signal ac line to output transfer function shows a first order response
because of the elimination of the equivalent series resistance of the capacitor from the transfer function of
Eq. (3.163).

Bode Diagrams

Fig. 3.55 Bode diagram of the line to output small-signal ac line to output transfer function of Eq. (3.166).
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Chapter Four
Half-Bridge Converter
4.1 Introduction
The half-bridge converter is a two switches isolated topology derived from the buck converter; the power
stage circuit is shown in Fig. 4.1. The transfomier core is symmetrically excited, where both, the positive
part (quadrant 1) and the negative (quadrant 3) of the B-H loop are used.

^—

---------------- ---------------------

c id ~

----------------

R <

CC-------- ^^4 ------Fig. 4.1

Half-bridge converter power stage.

To understand the behaviour of the circuit, the transformer is replaced by an ideal transformer with an
inductance in parallel, called the magnetising inductance

, Fig. 4.2

ry~ry-\___ t—,
w---- _______
+

—

cir —

p
------------------

Fig. 4.2

R <

w

---------------

Half-bridge converter equivalent circuit.

The half-bridge converter can be analysed as a circuit operated alternatively by the active transistor; the
transformer secondary side circuit is equivalent to a forward converter.
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4.1.1 Description of the Half-Bridge Converter Time Intervals
The steady-state dc analysis of the half-bridge converter is divided in four time intervals for operation in
the continuous conduction mode and in six for the discontinuous conduction mode.

The full description of the half-bridge converter time intervals in the continuous conduction mode can be
found in many of the available literature, but the two time intervals which describes the circuit in the
discontinuous conduction mode were not available at the time of writing this thesis, and so they are
presented in this section.

4.1.1.1 Half-Bridge Converter Time Inter\als in the Continuous Conduction
Mode
4.1.1.1.1 Time Interv al One
During the first time interval. Fig. 4.3 ti’ansistor
equal to dc voltage across transistor

, or

is switched on and the voltage across capacitor C2 is

V / , so by volt second balance of the transformer

magnetising inductance, the transfoimer primary voltage Vj(/) is equal to

[

•

D^on

V / , as well.

-----------------i—

‘c

c

__ —

R <

C-------- D^off -------

Fig. 4.3

Half-bridge converter equivalent circuit during the first time interval operating in the continuous
conduction mode.

The transformer secondary voltage, V2 (t), is equal then to the transformer primary voltage multiplied by

N.

1
the turns ratio relation,------- , as shown in Fig. 4.5c. Diode
2 V,
Da

is reversed biased.
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4.1.1.1.2 Time Interval Two
During the second time interval transistor

is turned off, Fig. 4.4, the magnetising current has no path

to flow, so ideally it remains unchanged, Fig. 4.5a.

C *

------------ ------------------ *—

D^on

c_ —

y'

^

Fig. 4.4

R<

D^on

Half-bridge converter equivalent circuit during the second and fourth time intervals operating in
the continuous conduction mode.

The inductor current ij {t) flows into the secondary side of the transformer and half of it flows through
diode D3, Fig. 4.7b and the other half flows through diode

<L.

, Fig. 4.7c.

(')

(o)

,(')

(*)

.U)

12 '/v,
h

(C)

T,
“2 2

Q, - D,

- D,

D, - O.

D, -

D,

Fig. 4.5 Wavefomis of the half-bridge converter operating in the continuous conduction mode: (a)
magnetising inductance current; (b) transformer primary side voltage; (c) transformer secondary
side voltage.
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4.1.1.1.3 Time Inten al Three
During the fourth time inter\'al, transistor Q2 is turned on and the voltage across capacitor
V..

is equal to

, the equivalent circuit obtained is shown in the next figure.

Fig. 4.6 Half-bridge converter equivalent circuit during the third time interval operating in the continuous
conduction mode.

Fig. 4.7 Waveforms of the half-bridge converter operating in the continuous conduction mode: (a)
inductor current; (b) diode D3 current; (c) diode D4 current.

The magnetising current i; (/) flows in opposite direction than first time interval, and the transformer
primary voltage v,(?) is equal to -

V- /

, Fig. 4.5. The transformer core is driven in the opposite

direction, Fig. 4.5a and natural reset is applied, no additional circuitry is required to reset the magnetising
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1 Nj

.

inductance. The transformer secondary voltage v, (/) is equal to------- , diode D3 is forward biased
2
and diode

£>4

is reversed biased.

4.1.1.1.4 Time Interv al Four
During the fourth time interval, the circuit behaves as in the second time interval, both transistor are off
and the equivalent circuit of Fig. 4.4 is used. The inductor current flows into the transformer secondaiy
side through diode

4.1.1.2

and

, Fig. 4.7b-c.

Half-Bridge Converter Time Intervals in the Discontinuous Conduction
Mode

The half-bridge converter operating in the discontinuous conduction mode is described in six time
intervals, where time inteiwal one and two are the same as in the continuous conduction mode and time
intervals four and five correspond to time inteiwals three and four in the continuous conduction mode. So
nvo new time intervals are added, three and six. Durmg the discontinuous conduction mode the inductor
current value starts and finishes at zero. Fig. 4.10a.

4.1.1.2.1 Time Interv al Three
During the third time interv'al both transistors are off, and the output capacitor provides the current
required by the load. Fig. 4.8.

rpr—

-----------------------'

T

T

1

’------------P^-i

^2

’c '
C __

C----

Fig. 4.8

dm

----------

Half-bridge converter equivalent circuit during the third and six time intervals operating in the
discontinuous conduction mode.

4.1.1.2.2 Time Interval Six
During the sixth time interval the circuit behaves as in the third time interval, so the same equivalent
circuit of Fig. 4.8 applies. The wavefomrs of the half-bridge converter during the discontinuous
conduction mode can be observed in Fig. 4.9 and Fig. 4.10.
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'/_(')

(o)

^(0

(b)

1 A',
1777

2 /V,

(c)

T,

!

I

0,-^3 I

^3y
D,-D,

d.Y
Qi-D,

T,

T,

-D.

Fig. 4.9 Wavefonns of the half-bridge converter operating in the discontinuous conduction mode: (a)
magnetising inductance cun-ent; (b) transformer primary side voltage; (c) transfonner secondary
side voltage.

Fig. 4.10 Waveforms of the half-bridge converter operating in the discontinuous conduction mode: (a)
inductor current; (b) diode

current; (c) diode
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Introduction

Design of the Half-Bridge Converter

A non-ideal half-bridge converter was designing and the following values of Table 4.1 will be used along
this chapter for the different modes of conduction.

K.

30F

C

8.52pF

K

5V

Rl

20 wQ

lo

\A

Rc

20mQ

fs

\QQKHz

Ts

10/xs

R

5Q(CCM) 15Q(CCM)

L

lOp//

15

Ni

11
0309

Table 4.1 Half-bridge converter component values.
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4.2 Equivalent

Circuit

Modelling

in

the

Continuous

Conduction Mode
4.2.1 State-Space Averaging Modelling
The state-space model is obtained by modelling the magnetising inductance of the transformer
parasitic elements associate to it

, the

, and the parasitic elements in the energy storing components,

namely the copper loss of the inductor 7?^, and the equivalent series resistance of the output capacitor
Rq , Fig. 4.11. As in the forward converter, the effects of the magnetising inductance parasitic element on

the transformer secondary side are neglected. This model was not available in tlie referenced literature.

—onnn----A')
A<

'o(')

‘c

^•
C
^------ w-----

cir

Fig. 4.11 I lalf-bridge coiiveilei ac equivalent circuit.

4.2.1.1

Description of the Equivalent Circuit State Equations

Due to the symmetric behaviour of the circuit, the halt-bridge converter is analysed during the first two
time intervals, the third and the fourth time interv'als are equivalent to the previous ones.

4.2.1.1.1 Time Interv al One
During the first time interval transistor g, is switched on and diode

becomes forward biased. Fig.

4.12.

—onnr^----

C *

t

'-,(0

i(')

Ret
c—

^----- DM ----

Fig. 4.12 Half-bridge converter ac equivalent circuit during the first time interval.
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The voltage in the transformer primary side is equal to

—
2 ‘V in —Vi =0—>Vi
^ ^ yi =—-v
2 ^i

(4.1)

And in the secondary side

El.
A,

_i ^
“2■

(4.2)

The magnetising inductance voltage loop is equal to

(4.3)

Isolating the magnetising inductance voltage in the left side of the equation, we obtain the next expression

I
~ ~^m ' ^L„,

(4.4)

2

From Eq. (4.4), the magnetising inductance derivative can be obtained as

dir.

R.

i, +z—:—-v,
2■L

dt

(4.5)

In the transformer secondary side, the capacitor current loop is analysed first

(4.6)

ii -ic -io=^

Simplifying Eq. (4.6) we arrive to the following equation

ic

dvr
= ii. ~io

C=

‘l
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The output voltage is proportional to the capacitor voltage plus the equivalent series resistance voltage
divided by the load

dvc
=

(4.8)
R

R

R

R

dt

R

Using Eq. (4.7) and (4.8), we obtain Eq. (4.9)

^

^

C

~dt~~^^

c

R

(4.9)

dT

Solving Eq. (4.9), the capacitor derivative is obtained

dvf
dt

R
(R+Rc)-C

It

(4.10)

-■

(R+Rc)-C

Following step is to analyse the inductor voltage loop

di /
^2 ~ h '

9

(4.11)

^
.
1
----------- 1,------------- v^'
R + Rc
R+Rc

(4.12)

~ ^

dt

~ ‘C '

~^’C

-

The current in the capacitor is obtained from (4.11)

ir = C--------- =

^

dt

Substituting Eq. (4.2) and Eq. (4.12) in Eq. (4.11), we obtain the next equation

1 N,

-R, - L

di I
dt

R- Rq
R-\- Rq

It

-■

Rr
R + R^

■Vc

-Vc =0

(4.13)

1 A',
2-L N,

(4.14)

From last equation, we can solve the inductor current derivative

R • Rq
dt

+ R • Rj^ + R
(R + Rc)-L

■

Rq
■It -

R
'R + Rc)-L,

- 142

•VrC

^

+
''-----------------------------------

Continuos Conduction Mode

Half-Bridge Converter

The output equation of the converter is equal to

(4.15)

Vo = ^Rc +vc =ic-^c +vc

Using Eq. (4.12) and Eq. (4.14), the output voltage expression is obtained as a function of the inductor
and capacitor state variables

R-R c

=

R + Rc

.

^
R + Rc

(4.16)

Ir +------------- V,

4.2.1.1.2 Time Interval Two
During the second time interv’al transistor

is switched of and diode

becomes forward biased as

shown in Fig. 4.13

on

C *
t

-----Wv—onnrw—
v,(0

',(0

<C Oh

'

V

R <

c—
D^on

[

Fig. 4.13 Half-bridge converter ac equivalent circuit during the second time inteiwal.

The voltages in the transformer windings are equal to

Vi = V2 =0

(4.17)

The magnetising current remains constant, so the state variable is equal to zero

i

dir
dt

=

q

During this time interval the value of the reflected secondary voltage V2 is equal to zero.
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The capacitor voltage derivative remains unchanged, from Eq. (4.10).

dv
dt

R
(R + Rc)-C

(R + Rc]-C

■^c

(4.19)

And from Eq. (4.14), the inductor current derivative is obtained noting that the input voltage is not
applied to the primary side of the transformer, so V^^ is equal to zero, Eq. (4.20).

f

di I

R ■ Rq + R ■ Rj

+

Rj^ • Rq

\
■h -

{r + Rc)-L

dt

(r + Rc)-L,

(4.20)

The output equation remains unchanged, as well

RR^c .
^
V. =---------h +---------R + Rc
R + Rc

(4.21)

If we express the state variables in matrix form, for the state matrices we obtain Eqs. (4.22) and (4.23)

R ■ Rq + R ■ Rj

A,

—

A1

—

R j ■ R(

R
(r + Rq)-L

(r + Rc)-L
R
{r+Rc)-C

1

(r + Rc)-C

(4.22)

0

0

R- Rq + R - Ri + Rj ■ Rq
(r + Rc)-L

{r+Rc)-L
A-, = Aj =

1

R
(r + Rc)-C

{r + Rc)c
0

0
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The input matrices are given by Eqs. (4.24) and (4.25)

N,

1
2-L

(4.24)

0
1
1-U

B, =B. =

(4.25)

And the output matrices are equivalent during the four time intervals to Eq. (4.26)

Cj - C2 - C3 - C4 -

4.2.1.2

RRc

R

(4.26)

R + Rq

State-Space Averaged Model

During each time interval the circuit is described by means of the state variable vector x consisting, as in
the forward converter, of the inductor cun ent

, the capacitor voltage

, and the magnetising current

i! , Eq. 3.49. The state-space averaging model description during two time intervals can be found in
section 2.2.1.2 and it will be omitted in here.

4.2.1.3

Steady-State dc Voltage Conversion Ratio Transfer Function

The steady-state dc voltage conversion ratio transfer function is equal to

1 N,
2 yVi

R

R + Ri^ •A

(4.27)

As in the forward converter, the non-ideal steady-state dc voltage conversion ratio transfer function is
affected by the losses in the inductor R^ this variation must be corrected by the feedback loop controller
acting over the duty cycle D,.
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For the ideal case, where the losses in the inductor Rj are equal to zero, we obtain the ideal steady-state
dc voltage conversion ratio transfer function

•A

V,.

2 ' N,

(4.28)

4.2.1.4 Small-Signal ac Control to Output Transfer Function
To obtain the dynamic small-signal ac transfer function, the procedure develop in section 2.2.1.4 is
applied. The small-signal ac control to output transfer function is given by

Vo(-y) = C [^.|-A]-'.[(A,-AJ.X+(B,-B,).^^,] + (c,-C,)■X

d^is)

(4.29)

Using the matrix representation of Eqs. (4.22) trough (4.26), into Eq. (4.29) we obtain the non-ideal
small-signal ac control to output transfer function of the half-bridge converter operating in the
discontinuous conduction mode

((^c-Cl^+l)
d,{s)

2

A

(R-L-C+ Rc-L-C)s^ +(R-■€+ R-Rc-C+ R^-R(:-C+ L)s+ R+ R,

(4.30)

Last equation is expressed into standard form in Eq. (4.31). The non-ideal small-signal ac control to
output transfer function is comprised of two poles and one zero due to the equivalent series resistance of
the capacitor

^i(^)

(‘^ ++
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The symbolic values of the terms of last equation are showm in the next table

Table 4.2 Symbolic solution of the terms of the transfer function of Eq. (4.31).

Now we use the values of Table 4.1 and equation (4.30) becomes equal to

70454 10'^ .V +

(4.32)

'

.427<S39540

.00001170794908.v + 5.02

The natural frequency and the frequency of the zero of the system are shown in Table 4.3

108.320/f/Zz
CO,
*'1

5.86 M/Zz

Table 4.3 Natural frequency and frequency of the zero of the small-signal ac control to output transfer
function of Eq. (4.32).

The Bode of Eq. (4.32) is shown in Fig. 4.14

The case that the losses in the inductor are not modelled, so Rj is equal to zero, is not considered in the
dynamic analysis of the half-bridge converter, because it was demonstrated in the forward converter that
they only affect the steady-state dc voltage conversion ratio.
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Bode Diagrams

Fig. 4.14 Bode diagram of the small-signal ac control to output transfer function of Eq. (4.32).

In the ideal case, when the losses in the inductor, Rj and the equivalent series resistance of the capacitor,
/?(-; are not included in the model, so they are equal to zero, the transfer function of Eq. (4.30) becomes
equal to

v.(^)

1

d,{s)

2

1

N,

(R-L-C)s^ + Ls^ R

(4.33)

The non-ideal and ideal small-signal ac control to output transfer functions of equations (4.30) and (4.33)
are nearly equivalent to the ones obtained in the forward converter, with the only difference in the gain
term due to the value of tlie input voltage applied to the transformer secondary side -j •

. This confirms

our initial statement, that the half-bridge converter secondary side is equivalent to a forward converter.
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Bode Diagrams

Fig. 4.15 Bode diagram of the small-signal ac control to output transfer function of Eq. (4.33).

4.2.1.5 Small-Signal ac Line to Output Transfer Function
To obtain the small-signal ac line to output transfer function, the procedure develop in section 2.2.1.5 is
applied. The non-ideal small-signal ac line to output transfer function of the half-bridge converter
operating in the continuous conduction mode, is equal to

v,{s)

1

{(Rc-C)s+\)

Xs)

2

(R-L-C+R^-L-C)s^ +(R-Ri^-C + R-Rc-C+ R^-Rc-C+ L)s+ R + Rj

(4.34)

The last equation is expressed in standard form in Eq. (4.35). The small-signal ac line to output transfer
function is composed of two poles and one zero that which is owed to the equivalent series resistance of
the capacitor

^^l(5)

(.S + 5^^)-(5 + 5^^)

The symbolic value of the terms of last equation are shown in next table
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1 NyD^-R

K

2

R\

R,c
L-(R\-Rc)

Rc-C
({^^Rc- Rl) R - RlRc) C-L + J{(Rc + Rl) R + Rl Rcy
.2 C"'
,-,2 + (-2 Rl Rc ^R{~2 Rc- 2 R/- 4 R)} L C + V
1. C (R 4 Rc)
1 ((-Rc - Rl) R-Rl Rc) C-L-^l {[Rc + Rl) R+RI Rc)^
P:

+(-2RIRc+ R(-2 Rc-2Rl-4 R)) L C + L ‘

LC{R+ Rc)

Table 4.4 Symbolic solution of the terms of the small-signal ac line to output transfer function of Eq.
(4.36).

Now we use the component values of Table 4.1, equation (4.34) becomes

.170454 I0'^.v+ 1
.9333333335.427839540 10

-9 2
.C + .00001 17O794908.V + 5.02

(4.36)

The natural frequency and the frequency of the zero of the system, as is shown in Table 4.5

108.320/ff/z
(O.•"1

5.S6MHZ

Table 4.5 Natural frequency and frequency of the zero of small-signal ac line to output transfer function of
Eq (4.36).
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Bode Diagrams

Fig. 4.16 Bode diagram of the small-signal ac line to output transfer function of Eq. (4.36).

And for the ideal case where the losses in the inductor and the equivalent series resistance of the capacitor
are not modelled, so they are equal to zero, we get

N2-D^'R
Vpis) ^
vjs) 2
(R-L-C)s^ + Ls+ R

(4.37)

The small-signal ac line to output transfer functions of the non-ideal and ideal half-bridge converter have
the same

factor multiplying the gain term, the rest of the transfer functions are equivalent to the

forward converter.
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Bode Diagrams

Fig. 4.17 Bode diagram of the small-signal ac line to output transfer function of Eq. (4.37).
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4.2.2 Averaging Modelling
The averaging technique is used to obtain the model for the half-bridge converter and, as in the forward
converter, it is assumed that the transformer primary side magnetising inductance and the parasitic
elements associated with it do not affect the dynamics of the circuit. The equivalent circuit of Fig. 4.11 is
simplified to the circuit of tlie next figure and as in the preceding section two time intervals are
considered, time intervals three and four are equivalent to time intervals one and two.

This technique was not found applied to a non-ideal half-bridge converter in any reference, and it is
presented in this thesis.

r"— —

1——^Y^nn---------

t(')

^

*

v,(0

C
c

R <

•
err

w---

Fig. 4.18 Half-bridge converter ac equivalent circuit.

4.2.2.1

Description of the Equivalent Circuit Equations

4.2.2.1.1 Time Inten al One
During this time interval transistor

is switched on and diode D3 becomes forward biased. Fig. 4.19.

.(')
-r-^--- ry-Y-YA.
V,(0

'c(0

^{0

c~
■D^off

Fig. 4.19 Half-bridge converter ac equivalent circuit during the first time interval.

The analysis of the circuit during this time interval is equivalent to the analysis of the forward converter
and only the final equations will be shown.
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The input current is equal to

N
(4.38)

The inductor voltage is given by

dii (0

Va (0 = ^- dt

1 ^2
-2N

“WW/r

(4.39)

The capacitor current results in the next equation

'c(0 = C~^«(/,(0). -

(4.40)
R

4.2.2.1.2 Time Interval Two
During the second time interval transistor Qj is switched off, diode

remains forward biased and

diode D4 becomes forward biased, Fig. 4.20.

AMv—nnnrw

'JO

'JO

,(')

'c(0.

Fig. 4.20 Half-bridge converter ac equivalent circuit during the second time interval.

Again, the process of obtention of the equations will be omitted. The input current is equal to zero

0„(O=0

(4.41)

The inductor voltage is given by the next equation

Vi (0 =

diL (0

(4.42)
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And the capacitor current yields

ic{t) = C

^c(0

(4.43)
-

dt

R

4.12.1 Averaging of the Equations
The same averaging process as in the forward converter, section 3.2.2.2, is followed for the half-bridge
converter, arriving to the following final equations.

Using Eqs. (4.39) and (4.42), the averaged inductor voltage is equal to

U(0/.

1

AT

^^— = ~-"U^-^i(0-(%(o)y. -(u(O)y^
dt
2 /V,

-Ri.

-{vJO

(4.44)

The averaged capacitor current is given by the averaging of Eqs. (4.40) and (4.43), equals to

'c(')/,.

c-

_____

(4.45)

dt

R

If we average the input current during the two time interv'als, given by Eqs. (4.38) and (4.41), we obtain
next solution

(4.46)

After adding the steady-state dc values and the small-signal ac variations to the averaged equations,
section 2.2.2.2, the inductor voltage is equal to

!■

= f ^+ <^1 ('))■

+ v,„(o)-(/l + 4(o)--{Vo + v„(o)
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Neglecting second order ac terms products of

(/) and

L\ ^ + dt

i

■A■4 -

(/) , and grouping terms, we get

dt

o, • v‘„(0 +

■ rf,(0 ■ >:,„(0 - 4(0 ■

- 4(0

(4.48)

The steady-state dc terms are equal to zero by definition of the average inductor current

(4.49)

The small-signal ac terms are equal to the derivative of the small-signal ac inductor current

(4.50)

The capacitor current is equal to

dvcV)
dt

4,-YjHo(0-—

dt

(4.51)

The steady-state dc terms are equal to zero by definition of the average capacitor voltage

0 = 1,

(4.52)

- —

R

The small-signal ac terms are equal to the derivative of the small-signal ac capacitor voltage

dVf(t)
dt

Vn(0

C—^ = ir(t)—

^

’

R

(4.53)

The input cunent is given by

■^w+0«(0-

+-^r'z.(0 + ^^i(0‘'^L+^i(0'^l(o)
N
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The steady-state dc term is equal to the dc input voltage

(4.55)

The small-signal ac terms are equal to the small-signal ac input current

N,

(4.56)

N

4.2.23

Steady-State dc Equivalent Circuit

Next step is to construct the dc steady-state equivalent circuit, with the use of Eqs. (4.49), (4.52) and
(4.55), the final equivalent circuit is shown in Fig. 4.21.

1

Vj

Fig. 4.21 Half-bridge steady-state dc equivalent circuit.

4.2.2.3.1 Steady-State dc Voltage Conversion Ratio Transfer Function
From Fig. 4.21, we obtain the steady-state dc voltage conversion ratio transfer function

V.

\ N,

V,„

2 V,

R

•D,

R+R

(4.57)

In the ideal case, when the losses in the inductor are not considered, so R^ is equal to zero, the next
expression is obtained

1

N,

(4.58)

The last two expressions are equivalent to Eqs. (4.27) and (4.28), so the results obtained with the
averaging modelling technique are equivalent to the ones obtained with the state-space averaging
approach.
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Small-Signal ac Equivalent Circuit

Once we have the steady-state dc voltage solved, next is to obtain the small-signal ac equivalent circuit,
by using Eqs. (4.50), (4.53) and (4.56), we build the circuit of Fig. 4.22, adding the equivalent series
resistance of the capacitor.

1

■A^V

N,

.

-rYy-Y\.

« < A(')

•o, v„(o

T ■’=„(')

Fig. 4.22 Half-bridge converter small-signal ac equivalent circuit.

After applying several simplifications and using the Laplace transfonn, the equivalent circuit of last
figure transforms into the equivalent circuit of Fig. 4.23

1

1 N,
2

V,

.

CJ

Fig. 4.23 Half -bridge small-signal ac equivalent circuit after applying the Laplace transform.

4.2.2.4.1 Small-Signal ac Control to Output Transfer Function
The small-signal ac output to control transfer function is obtained by letting the perturbation of the input
voltage

(.s) equal to zero on the small-signal ac equivalent circuit of Fig. 4.23, as it is done in for the

forward converter in section 3.2.2.4.1. The non-ideal small-signal ac control to output transfer function of
the half-bridge converter operating in the continuous conduction mode is shown in the next equation

v,(5)

1 N2-R-V„

diis)

2

AA,

((Rc-c)s+i)
(R-L-C+ Rc-L-C)s^ +(R'R^-C+ R-R^-C+ R^-Rc-C+ L)s+ R+

(4.59)

Last equation is exactly equivalent to Eq. (4.30), so the response of the system is exactly the same as the
Bode diagram of Fig. 4.14.
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In the ideal case, where the losses in the inductor and the equivalent series resistance of the capacitor are
not modelled, so

and Rq are equal to zero, last equation turns into the next expression

v^(5)
d^{s)

1 N,-R-V,,
2
A^i
(R-L-Cy + Ls + R

(4.60)

Again, last equation is the same as Eq. (4.33), so the response of the system is the same as in the Bode
diagram of Fig. 4.17

Using the averaging modelling approach, it has been demonstrated that the transformer primary side
elements have non-relevant effect over the dynamics of the circuit.

4.2.2.4.2 Small-Signal ac Line to Output Transfer Function
The small-signal ac line lo control transfer function is obtained by letting the perturbation of the duty
cycle o'] {s) equal to zero on the small-signal ac equivalent circuit of Fig. 4.23.

The non-ideal small-signal ac line to output transfer function of the half-bridge converter operating in the
continuous conduction mode is equal to

v„{s)
,(5)

1 N^-R-D,
2
A,
[R-L-C +R^-L-Cy ^(R-Ri -C+R-Rc-C+Rj^-Rc-C+L)s+R^ R,

(4-61)

The transfer function of last equation is equivalent to Eq. (4.34) and the response of the system is the
same as the Bode diagram of Fig. 4.16.

The ideal case, where the losses in the inductor and the equivalent series resistance of the capacitor are
not modelled, so Rj and Rq are equal to zero, we obtain the next equation

v„(.)

1

v,„{s)

2

N^-R-D,
A,
(R-L-Cy + Ls+ R

(4.62)

Last equation equal to Eq. (4.37) with the system response shown in the Bode diagram of Fig. 4.17.
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4.3 Equivalent Circuit Modelling

in

the

Discontinuous

Conduction Mode
In this section, only the averaged switch model will be used to develop a mathematical model of the half
bridge converter operating in the discontinuous conduction mode.

4.3.1 Averaged Switch Model
In the analysis of the discontinuous conduction mode, we will assume that the transformer has little or
non-effect over the dynamics of the circuit, and it is modelled as the turns ratio relation between the
primary and the secondary side. This technique can be found in reference [10], applied to non-isolated
power converters. Due to the simplifications assumed previously, the half-bridge converter of Fig. 4.1 is
simplified to the circuit of Fig. 4.24.

4.3.1.1

Description of the Equivalent Circuit Model Time Intervals

The description of the half-bridge converter operating in the discontinuous conduction mode is equivalent
to the forward converter described in section 3.3.1.1

4.3.1.2

Steady-State dc Equivalent Circuit

Following the averaging process applied to the forward converter in section 3.3.1.2, the steady-state dc
equivalent circuit is pictured in next figure

1 ^
2

Ml

V,

Fig. 4.25 Half-bridge converter equivalent circuit with the averaged the discontinuous conduction mode
model inserted.
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4.3.1.2.1 Steady-State dc Voltage Conversion Ratio Transfer Function
The steady-state dc voltage conversion ratio transfer function is then obtained from last figure as

Kn

2'N,

(4.63)

4-R^
l + ^l +

R

The effective resistance R^ that is given by Eq. 3.194, is substituted in last equation, and we obtain

K.

2 N> 1
1+ 1! + •

(4.64)

RT,-dt

The steady-state dc voltage conversion ratio transfer function is not a linear function of the duty cycle as
in the continuous conduction mode, but a non-linear function of the inductor L, the load R , the period
Ty and the duty cycle

4.3.1.3

.

Small-Signal ac Modelling of the Discontinuous Conduction Mode Switeh
Network

Same process followed in the forward converter in section 3.3.1.4 is applied here

'T-')

1

iV,

i'it:

'1

Ji

“I

(b *'■

)jidAs)

As)

R < ^Js)

OAs)

T
Fig. 4.26 Small-signal ac model of the half-bridge converter after application of the Laplace transform.

4.3.1.3.1 Small-Signal ae Control to Output Transfer Funetion
As in section 3.3.1.4.1, the circuit of Fig. 4.26 is simplified and the non-ideal small-signal ac control to
output transfer function of the half-bridge converter operating in the discontinuous conduction mode
obtained is shown in the following equation

v,(5) _ V,-R-DrT,
di(s)

((■ A + >)(K -

- 2 ■ W| ■ n)

+ 2K'l)r + 2yJiK)cs+(2y„^i +
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Last equation is expressed into standard form in next equation. The small-signal ac control to output
transfer function is composed of one pole due to the capacitor and one zero because of the presence of the
equivalent series resistance of the capacitor

Ji(5)

(•5

+ .^;,,)

(4.66)

The symbolic values of the terms of last equation are shown in Table 4.6

Table 4.6 Symbolic solution of the terms of the small-signal ac control to output transfer function of Eq.
(4.66).

Now we use the numerical values of components, equation (4.66) becomes equal to

.7380 10'’^.9+ 1.
.4549187500022785235 lO'^ ,v + .1088785270

(4.67)

The natural frequency and the frequency of the zero of the system are shown in Table 4.7

501\96KHz
0),
-'I

S.UMHz

Table 4.7 Frequency of the pole and frequency of the zero of the small-signal ac control to output transfer
function of Eq. (4.67).
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Fig. 4.27 Bode diagram of the small-signal ac control to output transfer function of Eq. (4.67).
In the Bode diagram of last figure, the non-ideal small-signal ac control to output transfer function,
behaves as a first order plant, with the magnitude falling with a -lOdD / dec slope, and the phase going
towards - 90°. Beyond the frequency of the zero

the magnitude flattens and the phase is boosted

back to 0°.

For the ideal case, when the equivalent series resistance of the capacitor is not modelled equation (4.65)
becomes equal to

v„W

2V,-R-D,-T,

d, (s)

N,

(2.r;-i.7?-c)s + (2.F„^-i + «-F„^

-nyT;)

(4.68)

The Bode response of Fig. 4.28 shows the ideal response, with the magnitude falling with a slope of
-20dB / dec and the phase going to -180°.
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Fig. 4.28 Bode diagram of the small-signal ac contiol to output transfer function of Eq. (4.68).

4.3.1.3.2 Small-Signal ac Line to Output Transfer Function
As in section 3.3.1.4.2, the circuit of Fig. 4.26 is simplified to obtain the non-ideal small-signal ac line to
output transfer function of the half-bridge converter operating in the discontinuous conduction mode,
shown next

1
^(•y)

2

N.

{R,V,iDlT, +

+ IV^LRACs + (iV^L + RKIdIt,)

(4.69)

Last equation is expressed into standard form in the next equation. The non-ideal small-signal ac line to
output transfer function of the half-bridge converter operating in the discontinuous conduction mode is
composed of one pole and on zero

Vo(s)

+

= A•

(s + s„)
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The symbolic values of the terms of last equation are shown in next table

Table 4.8 Symbolic solution of the terms of the small-signal ac line to output transfer function of Eq.
(4.70).

Using the numerical values of the component, equation (4.69) becomes equal to

121

.17040 10'^\y+ 1

72 .00002999709629+ 15.21443315

(4.71)

The frequency of the pole and the frequency of the zero of the system, shown in next table

"a

507.196/f//2
SMMHz

Table 4.9 Frequency of the pole and frequency of the zero of the small-signal ac line to output transfer
function of Eq. (4.71).

In Fig. 4.29 the non-ideal small-signal ac line to output transfer function Bode plot follows a first order
response, but beyond the frequency of the zero tire magnitude flattens and the phase is boosted back to
0°.
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Fig. 4.29 Bode diagram of the line to output small-signal ac line to output transfer function of Eq. (4.71).
In the ideal case, when the series resistance of the capacitor is not modelled, we obtain next expression

v„(j)

I
2

N^-V,-R-D^,-T, _____________ (z-l-'m-K,)__________
A^i

{2-V^ ■ L-R-c)s + (2-V^ ■ L + R-Vl - d1 -t)

(4.72)

The Bode plot of Fig. 4.30 shows the ideal response of the line to output transfer function as a pure first
order system. Beyond the frequency of the pole, the magnitude falls with a slope of -lOdB! dec and the
phase tends towards - 90°.
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Fig. 4,30 Bode diagram of the line to output small-signal ac line to output transfer function of Eq. (4.72).
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Chapter Five
Conclusions and Future Work
5.1 Conclusions
5.1.1 Flyback Converter
By the use of the state-space technique, the model of the flyback converter operating in the continuous
conduction mode showed a dependency of the equivalent series resistance of the capacitor in the steadystate dc voltage conversion ratio transfer function, this dependency was not observed in the model
obtained by the use of the averaging technique. In the small-signal ac control to output transfer function, a
right-half plane zero, due to the operation in the continuous conduction mode was present, but it was not
present in the small-signal ac line to output transfer function. The results obtained by the state-space
technique were more accurate than the ones given by the averaging technique, but the Bode diagrams did
not show important differences, confirming the averaging teclinique as a feasible method of modelling the
flyback converter. The flyback converter operating in the discontinuous conduction mode did not show
the right-half plane zero in any of the small-signal ac transfer functions, presenting an easier circuit to
control.

5.1.2 Forward Converter
The state-space averaging technique modelled the transformer primary side elements of the forward
converter, but the averaging technique did not consider them. The small-signal ac transfer functions
obtained were equivalent, demonstrating the non-effect of the transformer over the dynamic response of
the circuit. Another important point was the low effect of the losses of the inductor over the dynamics of
the circuit, but they presence on the steady-state dc voltage conversion ratio transfer function. In the
discontinuous conduction mode, the transfer functions obtained responded to a first order system, due to
the neglected effect of the inductor over the dynamics of the converter.

5.1.3 Half-Bridge Converter
The half-bridge converter models showed a very close dynamic response to the forward converter, for
both modes of conduction, verifying the statement that the secondary side of the half-bridge converter is
equivalent to the forward converter. The conclusions obtained for the forward converter related with the
losses in the inductor, apply to the half-bridge converter.
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5.1.4 General Conclusions
The poles of the dynamic transfer functions of the dc to dc power converter models were not importantly
affected by the parasitic elements, and they were mainly dependent of the components of the circuits;
namely the inductor or the transformer magnetising inductance in the case of the flyback converter, fhe
capacitor and the load.

Comparing the ideal and the non-ideal transfer functions of all three converters, it was clear that the
equivalent series resistance of the capacitor was the parasitic element with more influence over the
dynamic response of the circuits, and it must be included in any practical model.
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5.2 Future Work
Areas of research for future work could include the following points.

To verify all the theoretical results given by the models of the three power converters, using practical
circuits.

A deeper analysis of the dynamic response of the circuits versus a variation of one of the components,
including tlie parasitic elements.

.A.pply the state-space averaging technique and the investigation of the higher dynamics using the
averaged switch model, in the forward and the half-bridge converters operating in the discontinuous
conduction mode.

Model the flyback converter operating in the discontinuous conduction mode, using the averaging
technique.

Investigate the possible application of these modelling techniques over resonant or quasi-resonant dc to
dc power converters.
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